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Ubersicht 



Diese Arbeit untersucht Jet-Medium- Wechselwirkungen in einem Quark-GIuon- 
Plasma mittels eines hydrodynamischen Modells. Ein solches Quark-GIuon-PIas- 
ma reprasentiert eine Friihphase unseres Universums und kann in Schwerionenkol- 
lisionen erzeugt werden. Seine Eigenschaften sind Gegenstand der aktuellen For- 
schung. Da der Vergleich von MeBdaten und Modellrechnungen nahelegt, dass 
sich das Quark-GIuon-PIasma wie eine nahezu ideale Fliissigkeit verhalt, laBt sich 
das bei einer Schwerionenkollision gebildete Medium mittels hydrodynamischer 
Simulationen beschreiben. Eine der in diesem Zusammenhang grundlegenden 
Fragestellungen ist, ob energiereiche Teilchen (sogenannte Jets), die zu Beginn 
einer Kollision erzeugt werden und das Medium durchqueren, zur Bildung eines 
Machkegels fuhi^en. Dieser kann theoretisch immer erwartet werden, wenn sich ein 
Jet mit Uberschallgeschwindigkeit relativ zum Medium bewegt. Die gemessene 
Winkelverteilung der aus der Kollision hervorgehenden und in den Detektoren 
gemessenen Teilchen soUte dann eine charakteristische Struktur aufweisen, aus 
der man auf direktem Wege Riickschliisse auf die Zustandsgleichung des Medi- 
ums, im Besonderen auf seine Schallgeschwindigkeit, Ziehen kann. Es werden un- 
terschiedliche Szenarien eines Jetenergieverlustes betrachtet, dessen exakte Form 
und der ihm zugrundeliegenden Wechselwirkungen unbekannt sind. Dazu wer- 
den verschiedene Quellterme untersucht, die eine solche Wechselwirkung des Jets 
mit dem Medium reprasentieren und die Abgabe von Energie und Impuls an das 
Medium beschreiben. Dabei werden sowohl Mechanismen einer schwachen Wech- 
selwirkung (basierend auf Rechnungen der perturbativen Quantenchromodynamik, 
pQCD) als auch einer starken Wechselwirkung (welche anhand der sogenannten 
"Anti-de-Sitter/Conformal Field Theory"-Korrespondenz, AdS/CFT, ermittelt wird) 
behandelt. Obwohl diese in unterschiedlichen Winkelverteilungen resultieren und 
somit (fiir Einzeljetereignisse) eine Unterscheidung der zugrundeliegenden Pro- 
zesse ermoglichen konnten, zeigt sich, dass die fiir die gemessenen Teilchenspek- 
tren charakteristische Struktur durch die Uberlagerung verschiedener Jettrajekto- 
rien beschrieben werden kann. Eine solche Struktur lasst sich nicht direkt mit der 
Zustandsgleichung in Verbindung bringen. In diesem Zusammenhang werden die 
Auswirkungen eines starken Flusses diskutiert, der sich bei nahezu alien betra- 
chteten Jetenergieverlustszenarien entlang der Trajektorie des Jets bildet. Dariiber 
hinaus werden die Transportgleichungen der dissipativen Hydrodynamik disku- 
tiert, welche die Grundlage einer numerischen Berechung von viskosen Effekten 
innerhalb eines Quark-Gluon-Plasmas bilden. 



Zusammenfassung 



Einleitung 

Von jeher beschaftigte Menschen die Frage nach dem Ursprung des Lebens, dem 
Beginn des Universums und dem Aufbau der Materie. Letzteier wird duich das so- 
genannte Standardmodell [TliJI beschrieben, das die Elementarteilchen und deren 
Wechselwirkungen zusammenfasst. Eine Vielzahl der uns heute umgebenden Ma- 
terie (wie Protonen und Neutronen, aus denen beispielsweise die Atomkeme aufge- 
baut sind) setzt sich aus Quarks zusammen, die durch Gluonen miteinander wech- 
selwirken. 

Diese (starke) Wechselwirkung wird durch die Quantenchromodynamik (QCD) 
beschrieben, welche eine Besonderheit aufweist, die als "asymptotische Freiheit" 
IS 13 bezeichnet wird: Fiir hohe Temperaturen und/oder Dichten nimmt die Starke 
der Wechselwirkung zwischen den Quarks und Gluonen ab, so dass sich diese wie 
nahezu freie Teilchen verhalten und eine eigene Phase, das Quark-Gluon-Plasma 
lI3|6l|7|,bilden. 

Eine solche heiBe und dichte Phase existierte wahrscheinlich kurz nach dem Ur- 
knall, bevor im ProzeB der Ausdehnung und Abkiihlung des Universums die Quarks 
und Gluonen zu Teilchen rekombinierten. Man nimmt an, dass das Quark-Gluon- 
Plasma heutzutage im Inneren von dichten Neutronensternen vorhanden ist. 
Bereits in den 1960er Jahren wurde die Moglichkeit diskutiert, Materie experi- 
mentell unter extremen Bedingungen zu untersuchen [8]. Daraus entwickelte sich 
einer der spannendsten Forschungsbereiche der modernen Physik. 
Hochenergetische, relativistische SchwerionenkoUisionen eroffnen die einzigartige 
Moglichkeit, sehr heiBe und dichte Materie im Labor zu erzeugen. Dabei geht es 
nicht nur um den eindeutigen Nachweise des Quark-Gluon-Plasmas, der die The- 
orie der Quantenchromodynamik und somit das Standardmodell bestatigen wiirde, 
sondern auch darum, die Eigenschaften jener Phase mit experimentellen Observ- 
ablen in Verbindung zu bringen. 

Obwohl die Erzeugung eines Quark-Gluon-Plasmas sowohl bei Messungen am Su- 
per Proton Synchrotron (SPS, CERN) als auch am Relativistic Heavy Ion Collider 
(RHIC, Brookhaven National Laboratory) offiziell erklait wurde ll^ [TOl [TTl [121 
[T3l . bleiben seine Eigenschaften weiterhin umstritten, da ein solch experimentell 
erzeugtes Quark-Gluon-Plasma nur fur sehr kurze Zeit existiert. In naher Zukunft 
werden groBe Beschleunigeranlagen wie der Large Hadron Collider (LHC, CERN) 
und die Facility for Antiproton and Ion Research (FAIR, GSI) Materie bei noch 
hoheren Energien bzw. Dichten analysieren. 
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Eines der herausragenden Ergebnisse des RHIC-Programms war der Naciiweis, 
dass sich das erzeugte Medium annahemd wie eine ideale Flussigkeit veriialt ifTOl 
[HI [I2l El O- Damit scheint es gereciitfertigt, hydrodynamische Modelle zur 
Beschreibung des in einer Schwerionenkollision gebildeten Mediums zu verwen- 
den, dessen Eigenschaften sich anhand verschiedener Proben (Sonden) ermittein 
lassen. 

Man nimmt an, dass zu Beginn der Kollision energiereiche Teilchen, die sog. harten 
Sonden, gebildet werden, welche das sich ausbildende Plasma durchqueren. Dabei 
induzieren sie Teilchenschauer, die Jets genannt werden, und geben Energie sowie 
Impuls an das Medium ab. 

Durch die Wechselwirkungen des Jets mit dem Medium erhofft man sich Riick- 
schliisse auf das Medium ziehen zu konnen. Unter anderem geht man davon aus, 
dass ein sich mit Uberschallgeschwindigkeit relativ zum Plasma bewegender Jet 
die Bildung eines Machkegels hervorruft, welcher wiederum eine charakteristi- 
sche Struktur in der Winkelverteilung der durch die Kollision gebildeten Teilchen 
bewirkt. Da diese Struktur direkt mit der Schallgeschwindigkeit des Mediums in 
Verbindung gebracht werden kann, erwartet man, anhand entsprechender Messun- 
gen nahere Informationen iiber die Zustandsgleichung des Quark-Gluon-Plasmas 
ableiten zu konnen. 

Diese Arbeit untersucht die Propagation von Jets in einem hydrodynamischen Medi- 
um fiir unterschiedliche Szenaiien der Energieabgabe, wobei sowohl starke als 
auch schwache Wechselwirkungen zwischen Jet und Medium betrachtet werden. 
Es zeigt sich, dass die resultierenden Winkelverteilungen verschiedenen Einfliissen 
der Kollision unterworfen sind. 



Theoretischer Hintergrund 

Hydrodynamik 

Die Beschreibung der dynamischen Prozesse von Schwerionenkollisionen mit Hilfe 
von hydrodynamischen Modellen hat eine fast 30-jahrige Tradition, da die Zu- 
standsgleichung eine der wenigen essentiell benotigten Informationen daistellt und 
man somit leicht Eigenschaften verschiedener Medien (mit unterschiedlichen Zus- 
tandsgleichungen) iiberpriifen kann. Allerdings muss zunachst ein Anfangszustand 
festgelegt werden, der jedoch mit erheblichen theoretischen Unsicherheiten ver- 
bunden ist. Es werden sowohl geometrische Ansatze (wie das Glauber-Modell, das 
in der folgenden Betrachtung fiir die Beschreibung des sich expandierenden Medi- 
ums angewendet wird) als auch Plasmainstabilitats-Modelle oder das sogenannte 
Colour-Glass Condensate verwendet. 

Relativistische Hydrodynamik bedeutet die (lokale) Erhaltung von Energie und Im- 
puls (reprasentiert durch den Energie-Impuls-Tensor T^^) sowie der Ladung (bzw. 
Baryonenzahl, ausgedriickt durch die Ladungsdichte N) 

d^Tf'" = 0, ^^N^' = . (1) 

Falls sich die Materie im lokalen thermodynamischen Gleichgewicht befindet, lassen 
sich der Energie-Impuls-Tensor und die erhaltene Ladung durch 

T^^^ = (e + p)u^'u'' - pgi"^, = nu^ (2) 
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ausdriicken und hangen nur von der Energiedichte e, dem Druck p, der Ladungs- 
dichte n, der Vierergeschwindigkeit des Mediums und dem metrischen Ten- 
sor g^^'^ = diag(+, —,—,—) ab, wobei sich alle GroBen auf das Ruhesystem des 
Mediums beziehen. Um dieses System der Bewegungsgleichungen zu schlieBen, 
benotigt man eine Zustandsgleichung der Form 

p = p{e,n). (3) 

Anhand dieser Gleichungen wird die Dynamik der Kollision eindeutig aus dem 
Anfangszustand bestimmt. Hydrodynamik stellt somit eine direkte Verbindung 
zwischen der Zustandsgleichung und dem expandierenden Medium dar, die sich 
auch im emittierten Teilchenspektrum manifestiert. 

Bei numerischen Simulationen werden die Erhaltungsgleichungen allerdings meist 
ins Laborsystem transformiert und in diski^etisierter Version mit unterschiedhchen 
Algorithmen gelost. Einer davon ist SHASTA (SHarp And Smooth Transport Al- 
gorithm), der sich besonders gut zur Beschreibung von StoBwellenphanomenen 
eignet, zu deren Klasse auch die Machkegel gehoren, und der im Folgenden Ver- 
wendung findet. 

Hydrodynamische Simulationen bestimmen die zeitliche Entwicklung von Feldern 
wie dem Temperatur- oder Geschwindigkeitsfeld. Um das Resultat einer solchen 
hydrodynamischen Rechnung mit experimentellen Daten vergleichen zu konnen, 
benotigt es eine Beschreibung zur Umwandlung der Fliissigkeit in Teilchen. Somit 
muss die hydrodynamische Konfiguration in ein Emissionsspektrum ubersetzt wer- 
den, wobei die Erhaltung beispielsweise der Energie, des Impulses und der Teil- 
chenzahl (sowie aller anderen Quantenzahlen) garantiert sein muss. 
Ein haufig verwendeter Ansatz ist der sogenannte Cooper-Frye AusfrierprozeB 
II1291 . Zunachst wird anhand eines bestimmten Kriteriums (wie etwa einer kri- 
tischen Zeit oder einer kritischen Temperatur Tc) der Ausfrierpunkt auf einer Hy- 
perflache S der Raum-Zeit bestimmt. Mit einer thermischen Verteilungsfunktion 
/, welche die Teilchenweltlinien zahlt, die durch E hindurchtreten, kann das Emis- 
sionsspektrum iiber 



bestimmt werden. Allerdings bedeutet diese Methode, dass das Fliissigkeitsfeld 
instantan in freie Teilchen umgewandelt wird. Da jadoch die Viskositat wahrend 
der letzten Entwicklungsstufen des sich expandierenden Medium zunimmt, fiihrt 
diese direkte Umwandlung moglicherweise zu unphysikalischen Artefakten. Sie ist 
trotzdem eine anerkannte Methode, da die Entkopplungszeiten fiir die Fliissigkeit 
und somit fiir die Umwandlung in Teilchen unbekannt sind. 

Viskositat 

Wie oben bereits erwahnt, verhalt sich das in einer Schwerionenkollision am RHIC 
gebildete Medium wie eine nahezu ideale Fliissigkeit. Wahrend ideale Hydrody- 
namik einen kontinuierlichen Anstieg der Anisotropien in der Winkelverteilung 
(dem sogenannten EUiptischen FluB) mit zunehmendem Transversalimpuls (j)t) 
der erzeugten Teilchen vorhersagen, flachen die gemessenen Werte bei ungefahr 




(4) 
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Pt ~ 1.5 — 2 GeV ab, was auf viskose Effekte zuriickgefiihrt werden konnte. Da 
diese Anisotropien in peripiieren (d.ii. nicht-zentralen StoBen) und fiir geringere 
Kollisionseneigien starker ausgepragt sind, miissen sie in realistischen Simulatio- 
nen mit einbezogen werden. 

In diesem Fall fiihrt die Tensorzerlegung des Energie-Impulstensors T'^'^ und der 
Ladung N auf 



Tf"" = eu^u" -{p + n)A^^ + q^'u'' + q''u^' + vr^^ N^' = nu^ + , (5) 



wobei n den isotropen viskosen Druck (bulk pressure), den WarmefluB, vr^^ 
den Schertensor und V^^ den Diffusionsstrom bezeichnen. A^"^ = g'^'^ — u^u'^ 
beschreibt eine Projektion auf einen 3-dimensionalen UnteiTaum, orthogonal zu 
u^. Mit Hilfe dieser Ausdriicke werden erstmals ausgehend von der Boltzmann 
Gleichung fiir ein verdiinntes Gas 



wobei C den KoUisionsterm und A;^ den Impuls beschreibt, die Transportgleichun- 
gen bis zur zweiten Ordnung in den auftretenden Gradienten fiir den isotropen 
viskosen Druck, den WarmefluB und den Schertensor abgeleitet. Diese sind von 
grundlegender Bedeutung fiir jede numerische Simulation viskoser Hydrodynamik. 

Jet-Energieverlust und Hydrodynamik 

Aufgrund von Energie- und Impulserhaltung sind die in der Friihphase einer Schwer- 
ionenkollision gebildeten Jets eigentlich ein System bestehend aus zwei Jets (Di- 
Jet), die sich in entgegengesetzte Richtung bewegen. Man nimmt an, dass sich 
solche Di-Jets vorwiegend am Rande des Medims bilden und einer der beiden Jets 
(der sogenannte Trigger- Jet) das Medium ohne weitere Wechselwirkung verlassen 
kann, wahrend der andere (der assoziierte oder away-side Jet) die wahrend der Kol- 
lision entstandene Materie durchquert und dabei entlang seines Weges Energie und 
Impuls an das Medium abgibt. 

Eine Messung |[88l beweist, dass sich der mittlere Impuls der emittierten Teilchen 
auf der Seite des Mediums, das der Jet durchquert hat, zumindest fiir nicht allzu 
periphere Kollisionen dem Wert fiir ein Medium im thermischen Gleichgewicht 
annahert. Deshalb durfte die vom Jet in das Medium deponierte Energie schnell 
thermalisieren, weshalb man die vom Jet hervorgerufene Storung hydrodynamisch 
beschreiben kann. 

Dazu wird ein Quellterm in das System von Energie- und Impulserhaltungsglei- 
chungen eingebaut. 



so dass die zeitliche Entwicklung des vom Jet durchdrungenen Mediums bestimmt 
werden kann. Allerdings ist dieser Quellterm, J^', nicht der Quellterm des Jets, 
sondern das Residuum an Energie und Impuls, das der Jet an das Medium abgibt. 
Die Ableitung eines Quellterms, welcher die Wechselwirkung des Jets mit dem 
Medium koiTckt wiedergibt, ist Gegenstand der aktuellen Forschung, wobei sowohl 
eine schwache Wechselwirkung (die mittels perturbativer Quantenchromodynamik, 
pQCD, beschrieben werden kann) als auch eine starke Wechselwirkung (welche 



C[f] 



(6) 



(7) 
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Abbildung 1: Temperatur- und Geschwindigkeitsprofil (Pfeile) im Fall einer reinen 
Energieabgabe (links) und fiir ein Szenario mit Energie- und Impulsabgabe (rechts) fiir 
einen Jet, der das Medium mit einer konstanten Geschwindigkeit nahe der 
Lichtgeschwindigkeit durchschlagt. 



im Rahmen der Anti-de-Sitter/Conformal Field Theory-Korrespondenz, AdS/CFT, 
formuliert ist) zugrundegelegt wird. Neben diesen beiden Arten der Jet-Medium- 
Wechselwirkung wird zudem noch ein schematischer Quellterm betrachtet, der 
die Abgabe von Energie und Impuls endang einer Trajektorie durch das Medium 
beschreibt. 

Aus dem gewonnenen Teilchenspektrum werden jeweils WinkelkoiTelationen be- 
stimmt, die den Relativwinkel zwischen Trigger- und einem assoziierten Teilchen 
beschreiben. Ein solches Spektrum sollte im Fall der Ausbildung eines Machkegels 
zwei Maxima auf der dem Triggerteilchen gegeniiberliegenden Seite (der Away- 
side) aufweisen. 



Ergebnisse 

Das statische Medium 

Zunachst wird ein statisches Medium fiir verschiedene Szenarien der Energie- 
und Impulsabgabe betrachtet. Da die exakte Form eines entsprechenden Quell- 
terms, der die Jet-Medium- Wechselwirkung im Quark-Gluon-Plasma beschreibt, 
unbekannt ist, wird hierbei sowohl auf die Moglichkeit des reinen Energieverlustes 
(welcher unwahrscheinlich ist, jedoch nicht ausgeschlossen werden kann) als auch 
des gleich stai^ken Energie- und Impulsiibertrages eingegangen. 
Es zeigt sich, dass in beiden Fallen eine kegelartige Struktur ausgebildet wird, wie 
der Abbildung 1 zu entnehmen ist. Wird jedoch nicht nur Energie, sondern auch 
Impuls an das Medium abgegeben, so entsteht ein starker FluB entlang der Trajek- 
torie des Jets, den man als Diffusion Wake (Diffusionswelle) bezeichnet. 
Erfolgt der AusfrierprozeB, d.h. die Umwandlung der Flussigkeitsfelder in Teilchen, 
gemaB der Cooper-Frye Formel [vgl. Gl. (HJ], so fiihrt dieser stai^ke FluB zur Aus- 
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pragung eines Maximums auf der Away-side. Fiir den ProzeB der reinen Energieab- 
gabe hingegen tritt eine Zweipeak-Struktur auf wie sie im Fall der Auspragung 
eines Machkegels zu erwarten ist und in den aus experimentellen Daten gewonnenen 
(und veroffendichten) Winkelverteilungen auftritt. Diese Eigebnisse stimmen mit 
friiheren Untersuchungen |[83l unter Verwendung linearisierter Hydrodynamik iiber- 
ein. Inwieweit sie allerdings auf ein expandierendes Medium iibertragen werden 
konnen, laBt sich erst nach einer Betrachtung eines solchen Systems sagen (siehe 
unten). Auf die Bedeutung der Diffusion Wake wird im Folgenden noch mehifach 
eingegangen. 

Dariiber hinaus konnte gezeigt werden, dass diese Ergebnisse unabhangig davon 
sind, ob der Impuls longitudinal oder transversal zur Jetrichtung abgegeben wird 
und ob dieser Jet im Medium thermalisiert wird (also stoppt) oder durch das Medi- 
um durchschlagt. Hierbei wurde die Riickreaktion des Mediums bei Abbrem- 
sung eines Jets durch ein einf aches Bethe-Bloch-Modell beschrieben, welches 
zur Auspragung eines sogenannten Bragg-Peaks fiihrt, also eines Maximums der 
Energie- und Impulsabgabe kurz vor dem Endpunkt der Jettrajektorie. 



Teilchenkorrelationen in pQCD und AdS/CFT 

Bei dem oben betrachteten Quellterm handelt es sich um eine schematische Be- 
schreibung eines Jetenergie- und Impulsverlustes. Es wurden jedoch auch Jet-Me- 
dium- Wechselwirkungen sowohl im Rahmen der perturbativen Quantenchromo- 
dynamik (pQCD) II199II als auch unter Anwendung der Anti-de-Sitter/Conformal 
Field Theory-Korrespondenz (AdS/CFT) abgeleitet II233II und untersucht II231II . 
Diese beiden vollkommen unabhangigen Ansatze beziehen sich auf eine schwache 
bzw. Starke Wechselwirkung. 

In der vorliegenden Arbeit konnte durch Vergleich der resultierenden WinkeLkon^e- 
lationen gezeigt werden, dass die experimentelle Bestimmung einer Zweiteilchen- 
korrelation fiir einzelne, identifizierte, schwere Quarks am RHIC oder LHC die 
Moglichkeit bieten konnte, eine Aussage iiber die Starke der Wechselwirkung zu 
machen, da die berechneten Winkelverteilungen, wie man Abbildung 2 entnehmen 
kann, unterschiedliche Strukturen aufweisen. 

Hierzu wurde der pQCD-Quellterm in die hydrodynamische Simulation eingebaut 
und das Ergebnis einer AdS/CFT-Rechnung gegeniibergestellt (siehe Abbildung 
2). Man sieht deutlich, dass fiir den pQCD-Quellterm ein Maximum in der dem 
Trigger- Jet entgegengesetzten Richtung auftritt, wahrend die mittels AdS/CFT er- 
haltenen Korrelationen eine Doppelpeak-Struktur aufweist, welche jedoch nicht 
auf die Ausbildung eines Machkegels zuruckgefiihrt werden kann, da fiir einen 
solchen Machkegel, im Gegensatz zu den erhaltenen Resultaten, die Lage der Max- 
ima von der Geschwindigkeit des Jets abhangt. 

Stattdessen fiihrt ein starker Transversalimpuls in der sogenannten Neck region, 
einem Bereich nahe dem Jet, zur Auspragung dieser Doppelpeak-Struktur. Ob- 
wohl in beiden Fallen sowohl eine Machkegel-artige Struktur als auch eine Dif- 
fusion Wake auftritt, wird die WinkeLkorrelation letztendlich eindeutig von dieser 
Neck region dominiert. 
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Abbildung 2: Normierte Winkelkorrelationen nach Hintergrundsubtraktion, erhalten 
gemafi dem Cooper-Frye AusfrierprozeB fiir einen Quellterm der pQCD (oben) und der 
AdS/CFT (unten) fur pT ~ 3.14 GeV, verschwindende Rapiditaten {y = 0) und 
verschiedene Geschwindigkeiten des Jets. Die rote Linie mit Dreiecken reprasentiert den 
Beitrag der sog. Neck region fiir einen Jet mit v = 0.9 c. 

Das expandierende Medium 

Die realistische Besciireibung einer Sciiwerionenkollision erfordert natiirlich ein 
expandierendes Medium. Zwar ist es unwaiirsciieinlicii (wenn aucii niciit unmog- 
lich), dass waiirend eines sogenannten Events (also einer Kollision) mehrere Jets 
gleichzeitig die bei dem StoB gebildete Materie durchqueren, die experimentell 
ermittelten Zweiteilchenkorrelationen werden jedoch in jedem Fall Uber mehrere 
Events gemittelt. Somit werden unterschiedliche Jettrajektorien in Betracht gezo- 
gen. 

Wie sich herausstellt (vgl. Abbildung 3), fiihren die Einzelbeitrage verschiedener 
Jettrajektorien (siehe Abbildung 3 unten) zu einer Substruktur auf der Away-side 
(gestrichelte Linien in den oberen Abbildungen), welche entweder zu einem breiten 
Maximum oder einer urspriinglich durch die Bildung eines Machkegels erwarteten 
Doppelpeak-Struktur fiihren. 

Dies legt die SchluBfolgerung nahe, dass die experimentell beobachtete Struktur 



viii 



Zusammenfassung 



p^assoc^^ Q GeV 



2.0 GeV 




-0.0005 



371/2 





0.035 




0.03 




0.025 


-e- 


0.02 


U- 




O 


0.015 




0.01 




0.005 









0.005 




0.004 




0.003 






(back; 


0.002 


U- 

O 


0.001 









-0.001 




-ji/2 



371/2 



Abbildung 3: Normierte und iiber verschiedene Jettrajektorien gemittelte 
Zweiteilchenkorrelationen nach einem Cooper-Frye AusfrierprozeB (durchgezogene 
schwarze Linie) fiir einen Jet, der insgesamt 5 GeV an Energie und Impuls an das 
Medium abgibt, wobei fiir die assoziierten Teilchen ein Transversalimpuls von 
^assoc _ Y QeV (links) und pf^°'^ = 2 GeV (rechts) angenommen wird. Die gestrichelten 
Linien (blau und violett) reprasentieren dabei die gemittelten Beitrage von verschiedenen 
Jets, unterschieden durch den Azimuthalwinkel ihres Anfangspunktes. Die Beitrage fiir 
vier verschiedene Jettrajektoren, deren Mittelung die blau gestrichelte Linie ergibt, sind 
im unteren Teil der Abbildung dargestellt. Dabei reprasentiert 'Jet 180' denjenigen Jet, 
der das Medium mittig durchquert. 



durch einen MittelungsprozeB verschiedener abgelenkter Jets entsteht und somit 
nicht direkt mit der Zustandsgleichung in Verbindung gebracht werden kann. 
Es muss allerdings erwahnt werden, dass dies die Bildung eines Machkegels in 
Schwerionenkollisionen nicht ausschlieBt, jedoch diirfte dessen Emissionswinkel 
erst durch Untersuchung von Einzeljet-Events moglich werden. 
Es konnte auBerdem gezeigt werden, dass die Wechselwirkung zwischen radialem 
und durch die Bewegung des Jets hervorgerufenem FluB zu einer Reduzierung der 
Diffusion Wake und einer Ki-iimmung des (Mach-)Kegels fiihi-en kann, wie es in 
einer friiheren Arbeit aus theoretischen Uberlegungen abgeleitet wurde II170II . Der 
EinfluB der Diff'usion Wake auf das resultierende Teilchenspektrum bleibt jedoch 
erhalten, hangt aber von der Weglange des Jets und somit von der Relativbewe- 
gung zwischen Jet und Medium ab. Wie man Abbildung 3 entnehmen kann, haben 
jedoch die nicht-zentralen Jets einen groBen EinfluB auf die resultierende Struk- 
tur, wobei dieser vom Betrag und von der zugrundegelegten Energie- und Im- 
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pulsverlustrate abhangt, deren Bestimmung somit, besonders in Abiiangigkeit der 
abgegebenen Energie und der Geschwindigkeit des Jets, notwendig ist. 
Durch eine Vergleichsrechnung, die wie im statischen Fall einen reinen Energie- 
verlust beschreibt, konnte gezeigt werden, dass dieses Jetenergieverlustszenario im 
Gegensatz zum statischen Fall (siehe oben) nicht zu einer experimentell beobachte- 
ten Doppelpeak-Struktur fiihrt und somit im Widerspruch zu den experimentellen 
Ergebnissen steht. 

SchluBfolgerungen 

Die Struktur der experimentell gewonnenen Winkelverteilungen laBt sich durch die 
Bewegung von Jets durch ein hydrodynamisches Medium beschreiben. Allerdings 
muss dabei iiber verschiedene Jettrajektorien gemittelt und die Wechselwirkung 
mit einem expandierenden Medium beriicksichtigt werden. Somit ist es von fun- 
damentaler Bedeutung, die Wechselwirkung zwischen Jet und Medium mit nicht- 
linearer Hydrodynamik zu untersuchen. Der EinfluB verschiedener Effekte wie der 
der Diffusion Wake oder der sog. Neck region kann jedoch nur durch die Analyse 
eines statischen Mediums bestimmt werden. 

Somit ist es nicht moglich, aus den bisher bestimmten Winkelverteilungen ein- 
deutig auf die Emissionswinkel und somit auf die (gemittelte) Zustandsgleichung 
des in einer Schwerionenkollision entstandenen Mediums zu schlieBen. 
Dazu miiBte man, wie es in naher Zukunft am RHIC und LHC moglich sein diirfte, 
die Winkelverteilung fiir einzelne (energiereiche) Jets extrahieren. Die kiirzlich 
veroffentlichten Daten f/Tl 1791 iiber die Veranderung des Kegelwinkels mit der 
Reaktionsebene versprechen allerdings bereits weitere Einsichten in die Phanome- 
nologie der Machkegel in Schwerionenkollisionen, wenngleich neue Untersuchun- 
gen 11295 [ 12961 . die eine Rekonstruktion des Jets umfassen, aufzeigen, dass die der 
Jet-Medium-Wechselwirkung zugrundeliegenden Prozesse weiterer Untersuchun- 
gen bediirfen. Fiir den Vergleich der experimentell gemessenen Daten mit hy- 
drodynamischen Simulationen ist eine solche Jetrekonstruktion unerlaBlich, da im 
letzteren Fall per Definition ein bzw. mehrere Jets vorliegen. 
Zudem bleibt das Verfahren der experimentellen Hintergrundsubtraktion und somit 
die Frage zu klaren, ob bzw. wie stark die Bewegung des Jets EinfluB auf den 
GesamtfluB des Mediums hat. Dieses kann und sollte mittels hydrodynamischer 
Untersuchungen analysiert werden. 

Um die Beschreibung der Jet-Medium- Wechselwirkungen moglichst genau an die 
realistischen Gegebenheiten anzupassen, ist es weiterhing notwendig, longitudi- 
nale Expansion, nicht-zentrale StoBe und verschiedene Zustandsgleichungen zu 
betrachten. AuBerdem konnte der AusfrieiprozeB bzw. die nach der Entstehung 
der Teilchen zwischen diesen auftretenden Wechselwirkungen noch EinfluB auf 
die Winkelverteilungen haben. 

Allgemein gesehen bedarf es noch eines detaillierteren Verstandnisses des Quell- 
terms, dessen Bedeutung auch fiir die durch die verschiedenen Experimente (RHIC, 
LHC und FAIR) abgedeckten Energiebereiche ermittelt werden muss. 



Dissertation Barbara Betz - Jet Propagation in Ideal Hydrodynamics 



xi 



Abstract 



This thesis investigates the jet-medium interactions in a Quark-Gluon Plasma us- 
ing a hydrodynamical model. Such a Quark-Gluon Plasma represents a very early 
stage of our universe and is assumed to be created in heavy-ion collisions. Its 
properties aie subject of cunent research. Since the comparison of measured data 
to model calculations suggests that the Quark-Gluon Plasma behaves like a nearly 
perfect liquid, the medium created in a heavy-ion collision can be described ap- 
plying hydrodynamical simulations. One of the crucial questions in this context 
is if highly energetic particles (so-called jets), which are produced at the begin- 
ning of the collision and traverse the formed medium, may lead to the creation 
of a Mach cone. Such a Mach cone is always expected to develop if a jet moves 
with a velocity larger than the speed of sound relative to the medium. In that 
case, the measured angular particle distributions are supposed to exhibit a charac- 
teristic structure allowing for direct conclusions about the Equation of State and 
in particular about the speed of sound of the medium. Several different scenai^- 
ios of jet energy loss are examined (the exact form of which is not known from 
first principles) and different mechanisms of energy and momentum loss are an- 
alyzed, ranging from weak interactions (based on calculations from perturbative 
Quantum Chromodynamics, pQCD) to strong interactions (formulated using the 
Anti-de-Sitter/Conformal Field Theory Correspondence, AdS/CFT). Though they 
result in different angular particle correlations which could in principle allow to 
distinguish the underlying processes (if it becomes possible to analyze single-jet 
events), it is shown that the characteristic structure observed in experimental data 
can be obtained due to the different contributions of several possible jet trajectories 
through an expanding medium. Such a structure cannot directly be connected to 
the Equation of State. In this context, the impact of a strong flow created behind 
the jet is examined which is common to almost all jet deposition scenarios. Besides 
that, the transport equations for dissipative hydrodynamics are discussed which are 
fundamental for any numerical computation of viscous effects in a Quark-Gluon 
Plasma. 
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Chapter 1 

Introduction 



One of the common features to all civilizations is the development of (philosophi- 
cal) models about the beginning of the universe, the origin of live and the descrip- 
tion of matter. However, testing these paradigms was always (and is) a demanding 
problem and just at the beginning of the last century, it became possible to prove 
the existence of various types of (short-living) particles. 

Based on those findings, the standard model was developed which goes back to the 
work of Glashow, Weinberg, and Salam 111121 and characterizes the electroweak as 
well as strong interactions, but does not include gravity. Thus, the standard model 
is not a complete theory of all fundamental interactions. 

Quantum Chromodynamics (QCD), the theory of strong interactions, is part of 
the standard model and exhibits a characteristic property, named "asymptotic free- 
dom" in 131 : For high temperatures and/or densities, the strength of the interaction 
between the fundamental particles of QCD (the quarks and gluons) decreases, al- 
lowing them to behave as nearly free particles and to form a particular state of 
matter, the Quark-Gluon Plasma (QGP) ||5l|6ll3. 

Such extreme conditions probably existed shortly after the Big Bang at the very hot 
and early stages of the evolution of the universe before in the process of expansion 
and cooling quarks and gluons recombined into compound, color-neutral particles, 
the hadrons. It is assumed that nowadays the QGP is present in the cold, but dense 
inner core of neutron stars. 

The idea to experimentally study matter under extreme conditions goes back to 
the 1960's IS^I (which was even before QCD was introduced). Today, one of the 
most exciting and challenging reseaixh programs is to probe the QGP. Relativistic 
high-energy heavy-ion collisions offer the unique possibility to study matter exper- 
imentally under extreme conditions in the laboratory. A formidable problem is to 
conclusively identify QGP production and to relate its properties to experimental 
observables. An unambiguous evidence of the QGP implies a proof of QCD and 
thus of the standard model. 

Both, the Super Proton Synchrotron (SPS) program at CERnQ ||9l and the Relativis- 
tic Heavy Ion Colhder (RHIC) program at BNl| HOl [IH [121 US have announced 
success in detection of the QGP. However, its fundamental properties are still dis- 

' European Organization for Nuclear Research close to Geneva, the acrynom is derived from its 
former french name Conseil Europeen pour la Recherche Nucleaire. 
^Brookhaven National Laboratory, Long Island, USA. 
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cussed vividly whicii is due to the fact that the lifetime of such an experimentally 
created QGP is extremely short, making its detection highly challenging. In the 
neai" future, large accelerator facilities, the Large Hadron Collider (LHC) at CERN 
and Facility of Antiproton and Ion Reseaixh (FAIR) at GsjE will examine further 
the matter created in heavy-ion collisions, promising deeper insights into funda- 
mental interactions of matter. 

One of the major results of the RHIC program was to show that the medium cre- 
ated during the collision behaves like a fluid |[T0l[m[T2l[T3l[T4ll . Thus, it seems 
justified to use hydrodynamic models for the description of the matter formed dur- 
ing a heavy-ion collision |[T5l[T6l[T7l . Moreover, the fluid-like behaviour points to 
having created a new state of matter since normal hadronic matter is very viscous 

m. 

There exist different methods to probe the matter created in a heavy-ion collision. 
One of those are the so-called hard probes which are partons produced at an early 
stage of the evolution with a large transverse momentum (py) that penetrate the 
system formed, inducing showers of particles (jets) and depositing energy in the 
medium. The interaction of jets with the medium, which significantly affects the 
properties of the jets, are assumed to allow for conclusions about medium proper- 
ties. Amongst other things, a hard-py jet travelling through the medium superson- 
ically is supposed to create a Mach cone with an enhanced particle emission into 
the distinct Mach cone angle. Since this angle is connected to the speed of sound 
of the medium, it could provide a constraint on the average speed of sound of the 
strongly coupled QGP (sQGP) |[T9l . 

In this work, we investigate the propagation of a jet through a medium using (3+1)- 
dimensional ideal hydrodynamics. First, we consider different energy-loss mech- 
anisms in a static medium and determine the azimuthal particle coiTclations to 
see if a conical structure has formed and if differences between various energy- 
and momentum-loss scenarios can be determined. Then, for comparison to ex- 
perimental data, we study an expanding medium and discuss the importance of the 
convolution of different jets produced by experiment for the azimuthal particle cor- 
relations. 

The thesis is organized as follows: In the first part, we give an overview about the 
properties of matter, present possible signatures of the QGP, and introduce impor- 
tant experimental findings. Part Ull then focuses on the hydrodynamcial prescrip- 
tion of heavy-ion collisions. Having obtained a qualitative understanding of the 
system's evolution, we introduce the different energy- and momentum-loss mech- 
anisms. The results of our simulations are presented in part|lII]for the static as well 
as the expanding medium. After a subsequent discussion, the thesis concludes with 
a summary and an outlook in partlTVl 



^GSI Helmholtz Centre for Heavy Ion Research GmbH in Darmstadt, Germany. The acrynom is 
also derived from its former name of Gesellschaft fiir Schwerionenforschung. 
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1.1 The Standard Model of Elementary Particle Physics 

The standard model of elementary particle physics H] 13 describes the elementary 
particles, quarks and lepton^ and their interactions mediated by the correspond- 
ing gauge boson^ There exist six different quarks (up, down, charm, strange, 
top, bottom) and six different lepons {electron, muon, tauon, electron-neutrino, 
muon-neutrino, tauon-neutrino) as well as four gauge bosons {gravitoi^ /W^ 
bosons, photon, gluons). 

Quarks and leptons, just like their antiparticles, can be combined to thi^ee doublets 
due to their mass as seen in table 11.11 Each gauge boson mediates (again sorted 
by increasing strength, see table 1 1.21 ) either gravitation, weak, electromagnetic, or 
strong interaction. All fermions have an antiparticle with opposite electromagnetic 
and color chai^ge, but same mass and spin. 

Leptons carry an electromagetic as well as a weak charge, while quarks addition- 
ally have a so-called color charge that is a quantum number associated with a local 
SU(3) symmetry. This color charge couples to a gluon, the gauge boson of the 
strong interactions, which canies color charge itself. Thus, QCD is a non-Abelian 
gauge symmetry. In Abelian theories, like Quantum Electrodynamics (QED), the 
gauge bosons (i.e., the photons) do not carry (electric) charge. 
Below energy densities of ~ 1 GeV/fm^ quarks, in contrast to leptons, are always 
confined in color-neutral hadrons (for a brief history of the formation of particles 
during the evolution if the universe see appendix [All. Those are particles consisting 
either of quark-antiquark pairs {mesons) or three quarks or antiquarks {baryons). 
If two quarks get separated in space, the gluon field between them forms a narrow 



'^Quarks and leptons are fennions, i.e., spin 1/2-particles. 
'Gauge bosons are spin 1-particles. 

^Though gravitation is not incorporated into the standard model, it is commonly also mentioned 
in this context. 
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Table 1.1 

Building blocks of matter in the standard model. Matter consists of fermions that can be 
classified into three families of equal electric charge, but different masses. The mass 
increases from the left to the right. 
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Table 1.2 

The gauge bosons of the standard model, mediating the four fundamental interactions. 
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Figure 1.1 

Comparison of different measurements of the coupling constant as a function of the 
transferred momentum to QCD model calculations II2TII . 



tube (string) and the potential between the quarks increases with distance EOl . 



V{r) 



+ kr . 



(1.1) 



where is the running coupling constant. At a certain distance, the energy be- 
comes sufficiently large to create quark-antiquark pairs and thus other hadrons. 
This concept of color neutrality is called color confinement and is one of the two 
most prominent features of QCD. The other one is the above mentioned asymptotic 
freedom. 

Both are due to the fact that the strength of the interaction between quarks and glu- 
ons becomes weaker as the exchanged momentum increases or, equivalently, 
the distance decreases, as can be seen from Fig. 11.11 The decrease in the coupling 
constant for hard processes (i.e., for large transferred momentum) allows not only 
for the creation of a QGP, but also to describe the related processes perturbatively, 
i.e., to low order in the coupling constant. 



1.2 The Phase Diagram of QCD 

As discussed in the previous section, strongly interacting matter can occur in dif- 
ferent phases. A phase describes a state of a thermally equilibrated system that is 
characterized by a certain set of macroscopic observables. 

With a change in at least one of those thermodynamic variables, the system under- 
goes a phase transition. Phase transitions are characterized by the nature of change 
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Figure 1.2 

The energy density (scaled by T^) as a function of temperature from lattice QCD 
calculations, taken from (221, for various numbers of quark species. The figure includes 
the estimated temperatures reached at SPS, RHIC, and LHC. 

of the relevant thermodynamic variable(s) and are commonly classified into phase 
transitions oi first order, second order, and cross-over. 

In general, there is an nth order phase transition if the (n — l)th derivative of a 
thermodynamic variable (like the energy density or the number density) is discon- 
tinous. While a first-oder transition always implies the existance of a mixed phase, 
a second order phase transition does not exhibit a mixed phase. 
If the characteristic observables change rapidly, but without showing a (mathemat- 
ical) discontinuity, the transition is called a cross-over and the actual transition 
between the phases cannot exactly be specified. A common structure in phase dia- 
grams is that the line of a first-order phase transition ends in a critical end point of 
second order. Beyond that critical point, the transition becomes a cross-over. 
Lattice QCD calculations ||23l |2l|25l |26l |27l |28l (see Fig. O indicate a rapid 
increase of the energy density around T ^ 160 — 170 MeV. Since energy density, 
like pressure or entropy density, is proportional to the number of degrees of free- 
dom, this behaviour can be understood as a phase transition between confined and 
deconfined states. The lattice QCD calculation shown in Fig. I1.2l is performed for 
a vanishing baryo-chemical potential, fiB = 0. 

The QCD phase diagram (see Fig. 11.31 ) is obtained by plotting the relevant degrees 
of freedom for strongly interacting matter. Commonly, these degrees of freedom 
are studied as a function of temperature T and quark chemical potential /i which 
is associated with the net-quark number. Thus, for a vanishing quark chemical 
potential, an equal number of quarks and antiquarks is present in the system. Con- 
sequently, a positive quark chemical potential implies an excess of quarks over 
antiquarks. Therefore, a large value of fi is equivalent to a large net quark density 
p. Since quarks carry baryon number {B = 1/3), an equivalent measure to charac- 
terize the density is the baryochemical potential fis which is just scaled by a factor 
of 3 as compared to the quark chemical potential fiB = 3/U. 
Nuclear matter at its ground state has a temperature of T ~ MeV and a baryon 
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Figure 1.3 

A schematic phase diagram of QCD matter in the (T, /^)-plane. The soHd black line 
represents the chemical freeze-out, while the dashed orange line illustrates the 
chiral/deconfinement transition. Both end at the critical point which is connected to the 
/i = axis by a cross-over around T « 170 MeV. The ground state of nuclear matter is at 
r = MeV and /i = /^jq. For high chemical potenial and low temperature, there exists a 
phase of color superconductivity. The dashed black lines indicate the estimated properties 
of the medium created by various experiments. 



density of p ~ 0.16 fm~'^ which corresponds to a quark chemical potential of 
/xq = 308 MeV 123 ■ For low temperatures and small values of the quark chemi- 
cal potential, strongly interacting matter forms a hadron gas. At sufficiently high 
temperature and/or chemical potential, hadrons strongly overlap, creating an ex- 
tended region of deconfined quark-gluon matter, the QGP HHHH. The phase 
transition is presumed to be of first order, ending in a critical point of second or- 
der, the location of which is not yet determined exactly. Predictions vary widely 
|[23l l24l l25l l26l l27l . but some lattice calculations [i28il . extended to the region of 
non-zero baryo-chemical potential, predict the critical end point to occur around 
T 160 MeV and n 260 MeV which would be a region accessible to heavy-ion 
collisions. 

For cool and dense quark matter another phase transition is proposed. Due to the 
attractive interaction between quarks the formation of another ground state is ex- 
pected. This phase is commonly referred to as color-superconducting |[29l l30l and 
seems to contain a variety of additional phases f3Tl. 

At high temperatures, the nature of the QGP is not yet fully explored. There, 
the QGP is most probably not an ideal gas of non-interacting quarks and glu- 
ons |[32l . but behaves like a strongly coupled plasma {strongly coupled QGP, 
sQGP) corresponding to an ideal fluid, a concept that is supported by RHIC data 
I9l[l0l[lll[l2l[13[ia[l5l[l6l. 
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Figure 1.4 

Geometry of a heavy-ion collision. The two nuclei move along the beam axis (z-axis) 
with an impact parameter b, determining the reaction plane. The corresponding 
definitions of in-plane and out-of -plane are also displayed. 



For massless quarks, the QCD Lagrangiaii^ is chirally symmetric, i.e., invariant 
under a U{Nf)ri transformation of the right- and left-handed components of the 
quark spinors 

£(V'r.,V'/) = CiUr^Pr,UM. (1.2) 

Since spontaneous symmetry breakingis supposed to vanish for high temperatures 
and the mass of the deconfined quarkqj (w-u.d ~ 10 MeV), breaking the symmetry 
explicitly, is negligible small, chiral symmetry is supposed to be restored in the 
QGP [33 ]. However, the chiral phase transition might not coincide with the decon- 
finement phase transition. 

Our knowledge about the phase diagram of QCD is cuiTcntly limited to the region 
of the ground state of nuclear matter. The exploration of the other parts, including 
the verification of phase transitions, the confirmation of the critical point as well 
as the characterization of the QGP and hadronic matter are subject of current re- 
search. Two regions of the QCD phase diagram were or are realized in nature under 
extreme conditions: At vanishing quark chemical potential and large temperature, 
the QGP existed to our knowledge within the first microseconds of the universe 
|[34l . while dense and cool quark matter might exist (today) in the inner core of 
compact stars. 

One feasible method to probe the phase diagram of QCD is to study the collisions 
of heavy nuclei at ultra-relativistic energies which offer the possibility to artifi- 
cially create matter under extreme conditions. Different collision energies enable 
us to test various regions of the phase diagram. While the large-energy runs (at 

'The QCD Lagrangian is given hy C = ^{i^^D^^ — m)ip — F^^^, where ip (ip) denotes 

the spinor (adjoint spinor) of the quark field, m the quark mass, D,i the covariant derivative and F^'^ 
the field-strength tensor. 

**Bound quarks are described by the so-called constituent quarks with a large effective mass of 
m ~ JTinucicon/S that is mainly caused by the interaction of the gluons. 
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hadronic phase 
and freeze-out 




Figure 1.5 

Sequence of a heavy-ion collision, from Ref. Il35ll . The incoming nuclei are 
Lorentz-contracted since they are accelerated to ultra-relativistic velocities (initial state). 
At the beginning of the collision, a non-equilibrated phase (pre-equilibrium) is created 
that develops into a thermalized and expanding fireball. During the cooling, hadrons are 
formed again (hadronization) which interact until the system is too dilute (hadronic phase 
and freeze-out). 

RHIC and LHC) explore the region aroung /i ~ 0, the lower-energy runs at RHIC 
and GSI (FAIR) are dedicated to the search for the critical end point. Moreover, 
the experimentally collected data allow to draw conclusions about the properties of 
matter. 

1.3 Probing the QGP: Ultra-relativistic Heavy-Ion Colli- 
sions 

Though it is assumed that already the collision of two nuclei at a centre-of-mass en- 
ergy larger than \/sjviV ^ ^ GeV leads to such a strong compression of matter that 
colour charges are deconfined, the experimental proof that such a QGP is really cre- 
ated in a heavy-ion collision is extremely challenging since a deconfined phase is 
supposed to exist only for a very short time of roughly At < 10 fm/c ^ 3 • 10~^^ s, 
depending on the collision energy. 

The description of such a collision is based on the assumption that ions are com- 
posed of nucleons. Due to the fact that these ions are accelerated to ultra-relativistic 
velocities, they are Lorentz-contracted, approaching each other along the beam axis 
(which is normally taken to be the z-axis, see Fig. 11.41 ) with an offset that is called 
the impact parameter b. 

This impact parameter (or more precisely the direction of the strongest momentum 
gradient) and the direction of the beam axis determine the so-called reaction plane. 
For 6 > fm, some of the nucleons do not participate in the collision. They are 
called spectators and leave the reaction zone immediately, in contrast to the par- 
ticipants of the reaction. 

A snapshot of the subsequent collision (which is here assumed to be central, i.e., 
6 = fm) is shown in Fig. 11.51 After the impact, in the early phase of the colli- 
sion, the matter is strongly compressed, indicating a pre-equilibrium state. When 
compression is completed, a phase with extremely high temperatures and densities 
is created. The system is supposed to be able to equilibrate, developing afire- 
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ball which expands and cools rapidly. As soon as the temperature drops below 
the phase transition to the deconfined phase, hadrons are formed again {hadroniza- 
tion). Subsequent interactions of those hadrons (in the hadronic phase) will be both 
elastic and inelastic until chemical freeze-out is reached where inelastic collisions 
terminate. The expanding system becomes more and more dilute so that finally, 
at the kinetic freeze-out, all further interactions have ceased. The created hadrons 
which might be subject to decay will finally reach the detectors. 
However, hadrons are always created in a heavy-ion collision, independent of QGP 
formation. Thus, the only way to prove the existence of a QGP experimentally, via 
a heavy-ion collision, is to analyze the particle distributions at the end of the col- 
lision and to compare them to theoretical predictions assuming the creation of a 
deconfined phase. Therefore, it is extremely important to identify robust critera to 
distinguish a QGP from a hot and dense hadron gas. 

Since the system of coordinates (as shown in Fig. 11.41 ) is usually defined such that 
the beam axis is aligned with the z-direction, the momentum p of a particle can 
easily be split into a longitudinal (pi) and a transversal (pt) component (w.r.t. the 
beam axis), indicated by the angle 

PL = p-cos0 = pz, (1.3) 
PT = p -81119 = ^JpI+pI- (1.4) 

In contrast to the transverse momentum, the longitudinal component (j>l) is not in- 
variant under Lorentz transformations. Therefore, the rapidity is introduced, which 
describes the velocity of a particle pi/E in longitudinal direction, 

implying the relation^ 

E = rriT • coshy , pL = rriT • sinhy , (1.6) 



where uit = y rriQ + p'^ denotes the transverse mass of the particle. If it is not 
possible to identify the mass of a particle, the pseudorapidity, 



r] = — In 



tan 



^mf^'l. (1-7) 



is used instead, with -d being the emission angle w.r.t. the beam axis. In the ultra- 
relativistic case (E ^ p ^ mo), rapidity and pseudorapidity become equal. 



1.4 The Signatures of QGP 

Certainly, one of the main challenges of heavy-ion collision experiments is the 
identification of the QGP phase. However, since the early stages of the evolution 
are not directly accessible, (unique) signatures are needed, some of which are: 



'Additionally, it also implies coshy — jl and sinhy = jlvl with jl ~ l/i/l — 
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• Global observables 

The rapidity distribution of particles dN/ dy and transverse energy dEx / dy 
allow for the determination of temperature, entropy, and energy density of 
the system created in a heavy-ion collision. These observables need to be 
compared to model calculations, e.g. lattice QCD calculations |[24l l25l l26l 
l28l . in order to investigate if the system may have reached the QGP phase. 

• Early thermalization and flow 

Though it is not clear from first principles that a QGP phase should be in 
thermodynamic equilibrium, it could be shown that hydrodynamical models, 
which are based on the assumption of (local) thermodynamic equilibrium, 
can describe flow observables quite well (as will be discussed in detail in the 
following chapter) |[T5l[T6l . These flow characteristics imply that the inter- 
action of the medium constituents are strong enough to translate density gra- 
dients into pressure and thus to convert spatial into momentum anisotropics. 
This collective behaviour has to result from the early stages of the collision 
since the spatial anisotropy (in contrast to momentum anisotropy) reduces 
with the expansion of the system. Moreover, the collective behaviour is sup- 
posed to change when the system undergoes a phase transition [ 136 1. 

• Photon and dilepton measurements 

Photons and dileptons do not interact strongly. Thus, they leave the medium 
without being influenced by the expanding fireball, carrying information 
about the initial state. Thermal photons may serve as a thermometer, while 
the reconstruction of the spectral density of vector mesons (like the p-meson) 
could indicate the restoration of chiral symmetry. In general, such a restora- 
tion should lead to the disappeai^ance of the mass splitting between hadronic 
states of opposite parity |[37l . 

• Hard probes, jet quenching and Mach cones 

The interaction of particles with high transverse momenta, created at the 
early stages of the collision, with the medium they traverse (leading either 
to quenching effects or the formation of a signal that is interpreted to be due 
to the formation of a Mach cone) has recently attracted a lot of interest and 
is the main topic of this thesis. It will be discussed in detail in the following 
chapters. 

• Strangeness Enhancement 

Since the production of an ss-pair is more likely in a deconfined phase 
(where thermal production of ss-pairs, having a thi^eshold of ^ 300 MeV, 
is supposed to set in), more s-quarks should be present in the QGP phase, 
leading to an enhancement in the formation of multi-strange baryons [i38l 
which was found experimentally ||39l . 

• The J/V'-meson 

Originally, it was assumed that the production of J /ip (which is a bound 
cc-state) is suppressed in the QGP phase since color screening prevents cc 
binding BOl . Indeed, it was found that the J /if) melts in the QGP phase, 
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implying rapid production and subsequent destruction. However, lattice cal- 
culations indicate that the J /ijj may survive at temperatures larger than the 
transition temperature to the QGP and, due to the creation of many c-quarks 
at lai^ge (LHC) energies, its yield may even be enhanced at very high colli- 
sion energies ll4TI . 

• Fluctuations and correlations 

Fluctuations are sensitive to the underlying degrees of freedom. Thus, the 
fluctuations of conserved quantities like charge, energy, or transverse mo- 
mentum, could provide a signal of the QGP ll42l . These effects should be 
very strong in the vicinity of the critical point. Likewise, the coiTclation 
of charges and their associated anti-charges seen in late-stage hadronization 
may indicate a deconfined phase ll43l . 



Chapter 2 

The Experimental Search for the 
QGP 



The possibility to accelerate and collide ions was already discussed in the late 
1960's m. After systematic studies with heavy ions at the BEVALAcQ and the 
AGSI, the hunt for the QGP started with the collision of lead ions at the SPsH 
at CERN. Seven experiments (like NA49 and NA45/CERES), all being fixed tar- 
get experiments, participated in the SPS project. The SIS0 program at GSI fol- 
lowed and its experiments, like HADEScI, provide (up until today) information 
about hadron properties in a hot and dense environment. 

The development of experimental tools culminated in the first heavy-ion collider, 
RHIC at BNL, which was commissioned in the year 2000. It has a circumference 
of 3.8 km and is composed of two independent rings. Unlike fixed target experi- 
ments, the kinetic energy of the accelerated particles is available in the center-of- 
mass frame. Its four experiments BRAHMS, PHENIX, PHOBOS, and STAY^ are 
dedicated to heavy-ion physics. While RHIC operates around fj, ^ MeV, other 
experiments e.g. at the SPS, probe regions with nonzero quark chemical potentials, 
but lower temperatures. 

In the near future, the LHC (with a circumference of 27 km) at CERN is expected 
to commence operation. The primary target of its experiments ATLAS, CMS, and 
LHCIl is the search for the Higgs bosoiu in proton-i-proton (p-i-p) collisions. The 
ALIC53 experiment however, is primarily dedicated to heavy-ion physics. 



'The BEVATRON (Billions of eV Synchrotron) was coupled to the SuperHILAC (Super Heavy- 
Ion Linear Accelerator), and subsequently named BEVALAC. It is located at the Lawrence Berkeley 
National Laboratory (LBNL), Berkely, USA. 

^Alternating Gradient Synchrotron, BNL, USA. 

^^Super Protron Synchrotron, CERN, Switzerland. 

'*SchwerIonenSynchrotron, GSI, Germany. 

^High Acceptance Di-Electron Spectrometer. 

^Broad RAnge Hadron Magnetic Spectrometers Experiment (BRAHMS), Pioneering High 
Energy Nuclear Interactions Experiment (PHENIX), and Solenoidal Tracker At RHIC (STAR). 

'a Toroidal LHC Apparatus (ATLAS), Compact Muon Solenoid (CMS), and LHC beauty 
(LHCb). 

*The Higgs boson is a massive, scalar elementary exchange particle, predicted by the standard 
model. 

'a Large Ion Collider Experiment. 
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Accelerator 


Beam 


Max. Energies 


Period 


Bevalac, LBNL 


Au 


< 2 AGeV 


1984 - 1993 


AGS, BNL 


Si/Au 


14.5/11.5 AGeV 


1986 - 1994 


SPS,CERN 


S/Pb 


200 / 158 AGeV 


1986 - 2002 


SIS, GSI 


Au 


2 AGeV 


1992- 


RHIC, BNL 


Au 


= 130 / 200 GeV 


2000- 


LHC, CERN 


Pb 


Vi^jv = 5500 GeV 


2009- 


FAIR, GSI 


Au 


V^Arjv = 5-10 GeV 


2015- 



Table 2.1 

Review of accelerators, their maximal energies, and commission periods that were 
pioneering in the sector of heavy-ion collisions. 

The energy regions (see table 12.11 ) covered by the planned FAIR Facihty is under- 
stood to be adequate to probe highly compressed baryonic matter, the deconfine- 
ment phase transition, and the critical point. 

The first phase of the RHIC program has become a great success since the results 
obtained by the four experiments, summarized in a series of so-called white papers 
|[T0l[TTl[T2l[T3l . are in remarkable agreement with each other. RHIC offered the 
unique possibility to study p-i-p, dn-Au and Au-i-Au at identical center-of-mass en- 
ergieilj from 19.6 to 200 GeV for different collision geometries using the same 
detectors. The main observations can be summarized as follows: 

• Fast thermalization, indicated by strong momentum anisotropics (elliptic 
flow), 

• Low viscosity of the produced medium, suggesting that it behaves like a 
"nearly ideal fluid", 

• Jet Quenching, implying a large energy loss of partons and the creation of a 
dense and opaque system, 

• Strong suppression of high-py heavy-flavour mesons, stressing a large en- 
ergy loss of the heavy c and b quarks, 

• Direct photon emission at high transverse momenta confirms the scaling be- 
haviour of hard processes, 

• Charmonium suppression similar to the one observed at lower SPS energies. 

These results are consistent with models describing the creation of a new state of 
thermalized matter, exhibiting an almost ideal hydrodynamic behaviour. However, 
they do not provide evidence that the QGP has been formed and leave a lot of open 
questions especially concerning the properties of the created medium. 
This thesis is based on the idea of coupling two of the major experimental findings 
(the almost ideal hydrodynamic behaviour of the phase created and the energy 
deposition of hard particles) to study jet-medium interactions and to identify matter 
properties if possible. 

'"The Mandelstam variable s is the sum of the 4-momenta of the scattering particles (before the 
interaction), s — {p'^ + P2 I" the centre-of-mass system, the total energy of the reaction is given 
in terms of \/s^jy ■ 
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Figure 2.1 

Elliptic flow (f 2) from measured PHOBOS data |i 47l for charged particles in Au+Au 
collisions at a center-of-mass energy of a/s^tv ^ ^00 MeV compared to a 
hydrodynamical calculation lfT6l for various ratios of shear viscosity to entropy density, 
77/s. 



The medium created in a heavy-ion collision at RHIC energies features a strong 
collective behaviour which causes the system to behave like a fluid. For non-central 
collisions, the initial reaction zone reveals an elliptic shape (see Fig. 11.41 ). If the 
interactions between the plasma components are sufficiently strong, the resulting 
flow will follow the density gradients which are stronger along the short side of 
the reaction zone. Thus, the initial spatial density profile becomes an azimuthal 
momentum anisotropy of the emitted particles that can be quantified by the Fourier 
coefficients of the particle distribution ll44l 



The second coefficient V2, commonly named elliptic flow, accounts for the largest 
contribution. Anisotropics arising from the hydrodynamical flow are the promi- 
nent indicator of fast thermalization in heavy-ion collisions since they require a 
medium in local thermodynamic equilibrium. Appropriate models implicitly as- 
sume that the equilibration time is roughly 1 fm P31I461 . It was demonstrated IIT6I 
(see Fig. 12.11 ) that the elliptic flow which characterizes the eccentricity of the sys- 
tem can be described by a medium possessing a small amount of viscosity. Ideal 
fluid calculations lead to an overprediction of the data for peripheral collisions, but 
still show a decent agreement for central reactions ifTSl [161 . 
This success of describing the momentum anisotropics which are assumed to be 
conserved from the early stages of the collision using hydrodynamical models lead 
to the conclusion that the medium created at RHIC and thus the medium that was 
formed at the very early stages of our universe behaves like a fluid. This is nor- 
mally regarded as one of the most important results from RHIC. 
However, these hydrodynamical calculations strongly depend on the initial condi- 
tions and in general fail to describe the elliptic flow for charged hadrons away from 
mid-rapidity. In Ref. |i48l it was argued that the observed collective behaviour 
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might not require local thermodynamical equilibration. An isotropic momentum 
distribution of the medium constituents could be sufficient to obtain the measured 
data. Indeed, even such a fast isotropization would point towards a strongly cou- 
pled QGP. 



2.2 Hard Probes 



Among all available observables in high-energy nucleus-nucleus collisions, parti- 
cles with a large transverse momentum (pT ^ 2 GeV) ai^e assumed to be a very 
useful probe to study the hot and dense phase created in the reaction. Such hard 
probes are produced at the very early stages of the collision (t ~ 0.1 fm) in the hard 
scattering of partons (quarks, antiquarks or gluons) with large momentum transfer 
Q^. Subsequent collision and radiation processes (which can be described using 
hard QCD processes B9l l50l |5TI ) induce showers of partices, so-called jets, that 
propagate through the system formed. 

In contrast to direct photons that should escape the medium unaffectedly, the cre- 
ated jets will further interact with the medium, resulting in an energy loss of the 
jet from which fundamental information about the jet chai^acteristics (like its en- 
ergy and mass) and plasma properties can be deduced. Of course it is preferable 
to reconstruct single jets. However, at RHIC individual jet reconstruction is very 
difficult due to the large background contribution. At LHC energies, different cross 
sections are anticipated (see Fig. 12.21 ) and since hard jets with pT > 50 GeV will 
become accessible, full jet reconstruction will be possible in the next years. 
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Figure 2.2 

Differential cross section, calculated to leading order (LO) from pQCD, for inclusive 
neutral pion and charged hadron production at mid-rapidity in p+p reactions at SPS, 
RHIC, and LHC energies ISD- 
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Figure 2.3 



Raa(pt) measured in central Au+Au collisions at y/sj^p^ = 200 GeV, taken from ifSSll . 
for direct photons 1561 . tt*^ ll57l . r] mesons 1581 . and charged hadrons l59ll60l . compared 
to theoretical predictions for parton energy loss in a dense medium with dN^ /dy = 1400 
(yellow curve) IMI l62l . 

The pattern of particles produced in a heavy-ion collision is examined using parti- 
cle correlations which characterize the jet-medium effects. Several different meth- 
ods including one, two, and three particles have been established within the recent 
years and will be discussed in the following. 

2.2.1 One-particle correlations 

Direct information about thermodynamic and transport properties can be deduced 
from one-particle correlations. They are usually studied applying the nuclear mod- 
ification factor 



which is the ratio of the number of particles produced in a nucleus-nucleus (A-i-A) 
collision to the yield in a p-i-p collision, scaled by the number of binary collisions, 
for a certain transverse momentum px and rapidity y. Taa = (Ncow) /(^nn is the 
nuclear overlap function and a^N the nucleon-nucleon cross section. Thus, this 
measure is based on the assumption that the production of high-pr particles scales 
with the number of binary collisions in p-i-p reactions. 

If a jet traverses the medium created without being affected, the nuclear modifica- 
tion factor will be equal to one. However, initial state effects like the Cronin ef- 
fecS II53[|54I might result in an enhancement for low px with Raa > 1> while en- 
ergy loss induced by jet-medium interactions lead to a suppression and Raa < 1- 
The nuclear modification factor is usually taken as the experimental measure to 

"The Cronin effect leads to a pt -broadening and is often attributed to multiple soft parton scat- 
tering. 



Raa 



d^NAA/dprdy 



(2.2) 



TAAdcJNN /dprdy 
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Figure 2.4 

Formation and propagation of a jet, leading either to a quenched jet (left panel) or the 
creation of a Mach cone by the interference of sound waves (right panel) according to 
Ref. Il55l . 

determine the amount of energy lost by a hard particle. 

Figure [23] compiles the measured Raa{pt) for various hadron species and for 
direct photons in central Au+Au collisions at \/sjvAf ~ ^^0 GeV. Above pT ~ 
5 GeV, direct photons ll56l are in perfect agreement with the binary collision scal- 
ing, while vr*^ |[57l . rj |[58l . and charged hadrons |[59ll60l (dominated by vr^) show 
a common factor of ~ 5 suppression. The fact that Raa ~ 0.2 irrespective of 
the nature of the finally produced hadrons is consistent with a scenario where the 
energy loss of the parent parton takes place prior to its fragmentation into hadrons. 
The suppression factor is close to the so-called participant scaling which assumes 
a strong quenching limit where only hadrons formed close to the surface of the 
medium can reach the detector without any further modification |[63l . 

2.2.2 Two-particle correlations 

Due to energy conservation, jets are always produced back-to-back, i.e., separated 
by an angle of vr in the azimuthal plane. One of these partons, the trigger particle, 
is assumed to leave the expanding fireball without any further interaction while its 
partner parton, the associated particle, traverses the medium depositing energy and 
momentum (see Fig. 12.41) . 

Two-particle correlations are determined on a statistical basis by selecting high-p^ 
trigger particles and measuring the azimuthal (A(/) = 4> — (/>trig) distributions of 
associated hadrons relative to the trigger. A p^-range for the trigger and the asso- 
ciated particles has to be defined, taking into account that the hard partons leaving 
the medium unaffected exhibit a larger momentum than those ones propagating 
through the medium. 

The fact that a jet, moving through dense matter and depositing its energy, even- 
tually disappears is called jet quenching. This effect was predicted theoretically 
EUSIIMI and found experimentally at RHIC |[T0l[TT][T2l[T3l|67l|68l. As the left 
panel of Fig. 1231 reveals, the trigger-side peak (the so-called near-side) is the same 
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Figure 2.5 

Two-particle correlation functions for a trigger particle of 4 < p^'^ < 6 GeV and 
associated particles with (left panel) p?^^°'^ > 2 GeV 1671 and (right panel) 
0.15 < p^^°^ < 4 GeV im for p+p, d+Au, and central Au+Au collisions. 

for p+p, d+Au and Au+Au collisions, but the correlations in the opposite direction 
of the trigger jet (the away-side) shows a vanishing yield for central Au+Au colli- 
sions, demonstrating that the coiTcsponding away-side jet is quenched. 
This observation is considered as a proof that in an Au+Au collision, in contrast 
to p+p and d+Au reactions, a dense and opaque system is formed, indicating the 
creation of a QGP. 

Since energy and momentum always have to be conserved, the "missing" fragments 
of the away-side (quenched) parton are either shifted to lower energies and/or scat- 
tered into a broadened angular distribution. Both, softening and broadening, are 
seen in the data when the px of the away-side associated hadrons is lowered [see 
right panel of Fig. 12.51 and also e.g. panel (c) of Fig. l2.6L A double or even triple- 
peaked structure arises. However, the main characteristic of the angular distribution 
is the "dip" on the away-side around A(p = vr, accompanied by the two neighbour- 
ing local maxima at A(p ~ vr it (1.1 — 1.4). Such a structure is interpreted as a 
signal of the creation of a Mach cone (see section ISTI ) due to the preferential emis- 
sion of energy from the quenched parton into a definite angle with respect to the 
jet axis. 

Fig. 12.61 displays the correlations for two different trigger-pT^ ranges (3 < pT < 
4 GeV and 5 < < 10 GeV) for increasing pr of the associated hadrons. The 
decreasing away-side yield for larger p^^°'^ and the distortion of the double peak 
is clearly visible. Moreover, for hard trigger and associated particles [see panel (h) 
of Fig. I2.6II . an away-side peak around Acj) = vr is formed again, providing a di- 
jet signal and thus pointing towards highly-energetic partner particles that punch 
through the medium created {punch-through jets) fTOHTTI . 

The structure of the away-side was examined intensively. A study of the central- 
ity dependence (see left panel of Fig. 12.71) 11721 1731 reveals that for centralities up 
to 40% a clear double-peaked structure occurs on the away-side while for more 
peripheral collisions an away-side peak around A4> = it appears again, suggest- 
ing that the developing structure depends on the path length of the jet through the 
medium. 

The comparison of different collision energies, from SPS v^tva^ ~ ^^-^ GeV to 
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The A<j> distributions for various trigger and (increasing) partner px of p+p and 

(0 — 20%) central Auh-Au collisions. The solid histograms and shaded bands indicate the 

uncertainties regarding background subtraction ifTOl . 



top RHIC energies of y/sjyj^ = 200 GeV ||74ll75l showed that the double-peaked 
structure gets more pronounced for larger energies. However, still a plateau-like 
shape with a slight peak around Acf) = 2 rad is visible |[75ir76l . 
Recently, the reaction plane dependence of the two-particle correlation was investi- 
gated 1177117811791 (see right panel of Fig. l277l ). For this puipose, different angles of 
a trigger particle with respect to the reaction plane were chosen for a certain central- 
ity of 25 — 30% and the coiTcsponding two-particle correlations were determined to 
examine the influence of different geometries like the path length of the quenched 
jet. As can be seen from the right panel of Fig. I2.7[ the near-side jet contribution 
is nearly the same for all correlations, but the away-side reveals a plateau in-plane 
(i.e., for a small angle with respect to the reaction plane), while out-of-plane (thus 
for large angles with respect to the reaction plane) a clear double-peaked structure 
occurs. The most interesting feature is that for an angle of 40 < |0trig — V'l < 45° 
between trigger jet 0trig and reaction plane tjj, the peak on the away-side is shifted 
to smaller values in Acf). 

Several explanations for the observation of the double-peaked structure have been 
discussed: 

• Large Angle Gluon Radiation 

This medium-induced gluon bremsstrahlung liSOllSTl is generated if a (color) 
charged particle, i.e., a quark, is accelerated or decelerated. The emitted 
gluons have a continous spectrum in energy due to the fact that the accel- 
eration process itself may vary and thus the emitted gluons exhibit different 
energies/wavelengths. However, since a quark cannot depose more energy 
into the medium than it got through the acceleration/deceleration, the energy 
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Figure 2.7 

(Left panel) Two-particle correlations for a trigger particle with 2.5 < pr < 4.0 GeV and 
associated particles with 1.0 < pt < 2.5 GeV for various centrality regions of Au+Au 
collisions at a/stvat ~ 200 GeV lf73l . (Right panel) Reaction plane dependence of the per 
trigger yield in 25 — 30% Au+Au collisions at -v/s^vAf ~ ^00 GeV for trigger particles 
with 1.0 < pT < 2.0 GeV and associated particles of 2.0 < pr < 3.0 GeV Il7tll79l . 

spectrum is cut at the upper end. Assuming that the gluon emission only 
takes places in the direction of the away-side jet ("large angle" lISTl ). the 
gluon radiation causes a deviation of the jet from being back-to-back. 

• Deflected Jets 

The strong interaction of the jet traversing through the medium might cause 
a deflection of the jet: In non-central collisions the interaction region of the 
two colliding nuclei has a large eccentricity. Due to this eccentricity, a jet 
might be carried away with the expanding medium and therefore leave its 
predetermined direction of propagation. 

• Mach cone 

If the away-side parton propagates with a velocity Vj^t larger than the speed 
of sound Cg of the medium, it is supposed to re-distribute its energy to lower- 
Pt particles, leading to quenched paiton correlations for high-py. This re- 
distributed energy might excite sound waves (like a stone sliding thr^ough 
water) which interfere, forming a Mach cone (see right panel of Fig. 12.41 ) 
with an enhanced particle emission into the distinct Mach cone angle {4>m) 
|[82l [83i . This thesis addresses the question if a jet propagating thr^ough a 
hydrodynamical medium, resembling the hot and dense phase created within 
a heavy-ion collision, can lead to Mach cone formation and if such a Mach 
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Figure 2.8 

Measured two-particle correlation (raw data, points) and background from flow 
modulation (elliptic flow, solid line) as well as scaled according to ZYAM (dashed line) 
1901 . The upper small insert shows the two-particle correlation after background 
subtraction. 

cone will result in a measurable signal. Thus, the main discussion of a Mach- 
cone contribution will follow in the course of the subsequent chapters. For a 
detailed discussion of Mach cones see chapter |5] 

• Cerenkov Gluon Radiation 

Cerenkov gluon radiatior0 leads to the formation of a cone similar to a 
Mach cone |[84l . However, as shown in Refs. |[85l[86l . there is a strong de- 
pendence of the Cerenkov angle [cosQc = l/n{p), where n is the index 
of reflection] on the momentum p of the emitted particle. This angle van- 
ishes quickly for larger momenta. Thus, a distinct experimental signature 
of Cerenkov gluon radiation is a strong momentum dependence of the cone 
angle for soft particles and a disappearance of the cone-like structure for 
associated particles with large pr- As can be seen from Fig. 12.61 the posi- 
tion of the peaks within the away-side do not change strongly with the px 
of the associated particle. Therefore, it is very unlikely that the observed 
double-peaked structure results from Cerenkov Gluon Radiation. A Mach 
cone however, is independent of the momentum of the emitted particles. 

One of the crucial problems in the context of two-particle correlations is the treat- 
ment of the background which has to be subtracted. Experimentally, combinato- 
rial background contributions and the superimposed effects of collective azimuthal 
modulations (the elliptic flow) are taken care of with different techniques |[73l l87l 
[88l . The most common method applied to experimental data 1891 is to subtract the 
elliptic flow represented by the V2 parameter in Eq. (12.11 ). This method (ZYAM) 
is discussed controversally since it is not cleai^ from first principles if the flow is 
independent of the jet transit. The acronym ZYAM (Zero Yield At Minimum) is 

'^Cerenkov radiation is electromagnetic radiation that is emitted when a charged particle passes 
through an insulator at a speed greater than the speed of light in that medium. It is named after the 
Russian scientist Pavel Alekseyevich Cherekov. Since higher frequencies (and thus shorter wave- 
lengths) are more intense, the observed radiation is blue. It is often used for particle identification. 
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Figure 2.9 

Background subtracted three-particle correlations for a 30 — 50% central Au + Au 
collision at top RHIC energies 



chosen because the elliptic flow is adjusted to the measured particle correlation in 
such a way that the subtraction leads to a vanishing yield at a certain, freely chosen 
minimum between near-side and away-side. However, since the elliptic flow con- 
tribution might be much weaker, it is not clear at all that the emerging minimum, 
which can even be shifted by this method, will lead to a vanishing yield. Moreover, 
as can be seen from Fig. I2.8[ even a measured broad away-side peak might re- 
sult after background subtraction, applying the ZYAM method, in a double-peaked 
structure. In other words, if the hydrodynamical flow changes due to a jet, the 
particle correlations obtained from experimental measurements should be revised 
and might lead to a different interpretation of the ongoing processes. A theoretical 
proof for the applicability for ZYAM is still missing. 



2.2.3 Three-particle correlations 

Two-particle correlations could not clarify the origin of the double-peaked structure 
on the away-side. In particular, since they include a sampling over many different 
events, it cannot be distinguished if the peaks result from randomly deflected jets 
or if due to the formation of a Mach cone two particles are produced on the away- 
side and emitted into a distinct direction. Thus, for a further exploration, three- 
particle correlations were introduced ||9Tl[92l[93l . Again, high-py trigger particles 
are chosen on a statistical basis, but for this analysis, the azimuthal angle of two 
associated particles (A0i = 0i — 4>tvi^ and A(/)2 = 4>2 — 0trig) are determined and 
plotted against each other (see Fig. 12.91) . 

Randomly deflected jets will lead to a smeared peak around the diagonal axis over 
a wide range in A(/)i and A02, resulting from the fact that two particles within 
a deflected jet will be redirected into the same direction. On the other hand, if a 
Mach cone is formed, two particles will be produced due to the distinct emission 
into the Mach-cone angle and thus by measuring the relative angle between the 
trigger particle and its associated hadrons (considering the possible interchange of 
A(/)i and A(/>2 due to symmetry), four distinct peaks are expected 1911 . 
The measurement reveals (cf. Fig. 12.91 ) that the resulting shape is a superposition 
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Figure 2.10 

Distribution of correlated hadron pairs as a function of A(f> and Aij for a trigger particle 
with pT > 2.5 GeV in p+p (PYTHIA simulation, left panel) and - 30% Au+Au 
collisions 1951 . 

of deflected jets and Mach-cone contributions. However, since four distinct peaks 
occur on the away-side, the experimentally determined three-particle correlations 
seem to favour the Mach-cone ansatz. 

2.3 Correlations in Pseudorapditiy: The Near-side Rigde 

The ridge is a long-ranged structure in Arj on the near-side. While the near- 
side jet in p-i-p collisions (see left panel of Fig. 12.101 ) displays a clear peak at 
(Ar/, A0) « (0, 0), as expected from jet fragmentation, the near-side jet in heavy- 
ion collisions features a peak at the same location, but is elongated over a wide 
range in pseudorapidity (see right panel of Fig. 12. 101) |[70l[95ll96ll97l . 
The existence of such a long-ranged coiTclation on the near-side is not understood 
since by construction the trigger parton is the one least affected by the medium. 
Investigations of this structure ensured that its properties like the particle composi- 
tion, pT-slope, and intra-particle correlations are very similar to the soft underlying 
events of the collision fTTl . Thus, the ridge seems to be formed by bulk matter and 
not from jet fragments. Many different models for explaining the ridge phenomena 
have been discussed, including plasma instabilities |[98l . glasma flux-tubes ll99l . 
and modifications of the two- and three-particle correlations due to radial flow 

una. 
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Chapter 3 

Ideal Hydrodynamics 



It is a long-standing tradition in heavy-ion physics to model the dynamical evo- 
lution of heavy-ion collisions using fluid dynamics IllOli 11021 11031 [T04l . mainly 
because the only essential information needed is the Equation of State (EoS) of the 
matter considered, allowing for straightforward studies of nuclear matter proper- 
ties like the phase transition to the QGP. 

Once an initial condition is specified, the Equations of Motion (EoM) uniquely 
determine the dynamics of the collision. Thus, a detailed knowledge of the micro- 
scopic processes on the parton level is not needed, in contrast to cascade models 
like UrQMD (Ultrarelativistic Quantum Molecular Dynamics) II 10511 or BAMPS 
(Boltzmann Approach of MultiParton Scatterings) II 10611 . 

The basic requirement for the applicability of hydrodynamics is that the system 
has to be in (local) thermodynamic equilibrium. This condition is fulfilled if the 
mean free path A of a particle is small compared to the length scale over which the 
fluid-dynamical variables vary. In that case, local equilibrium can develop due to 
the scattering of particles. 

Around 20 years ago, it was already shown that collective effects at the BEVALAC 
experiment, like the sideward deflection of matter in the reaction plane [named 
side-splash or bounce-ojf, the coefficient vi of Eq. (I2.1I )1. and azimuthal deflec- 
tions out of the reaction plane [squeeze-out, the coefficient V2 of Eq. (I2.1I )1. can be 
described using hydrodynamical models 111071 . However, the great success of the 
fluid-dynamical model came with the RHIC experiment. As already discussed in 
section [TT] the collective flow effects measured at RHIC, in particular the elliptic 
flow (^2), were described by hydrodynamics on a quantitative level |[T6l . 
While the application of ideal hydrodynamics already leads to qualitative and some- 
times even quantitative agreement with the measured data |[T5l . it is important to 
include viscous effects to check whether their impact is really small. Indeed, the 
matter created in heavy-ion collisions appears to be a "nearly perfect liquid", char- 
acterized by a small amount of viscosity [|T6]. 

In a heavy-ion collision, the equilibration time is estimated to be roughly 1 fm. Af- 
terwards, the system can be described using thermodynamical field quantities like 
the temperature T{t,x), the four-velocities Ufj_(t,x), and the chemical potentials 
fj,i{t, x). The temporal evolution of these variables is determined by the hydrody- 
namical Equations of Motion until the system is so dilute that the fluid constituents 
decouple and can be regarded as free particles, a transition called freeze-out (see 
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section I1.3I ). Therefore, hydrodynamical models can be applied to the expansion 
stage of heavy-ion collisions. However, they require a proper choice of the initial 
conditions and the freeze-out procedure. 



3.1 The Hydrodynamical Equations of Motion 

Relativistic hydrodynamics implies the (local) conservation of energy-momentum 
(represented by the energy-momentum tensor T'"^) and of conserved charge cur- 
rents like (net) baryon number or (net) strangeness (described by Nj^) II108II . For n 
currents, this leads to the hydrodynamical Equations of Motion 

d^T'"' = 0, f,,u = 0,...,3; (3.1) 
d^Ni" = 0, i = l,...,n. (3.2) 

They form a system of 4 + n conservation equations for the energy, the three com- 
ponents of the momentum, and the n currents of the system. In general, however, 
these equations have 10 + 4n independent variables, the ten independent compo- 
nents of the symmetric energy-momentum tensor T^'' and four components of each 
current Ni. Thus, the system of fluid-dynamical equations is not closed and cannot 
be solved in complete generaUty. 

Additional assumptions are needed to close this set of equations. The simplest 
approximation is to consider an ideal gas in local thermodynamical equilibrium. 
From kinetic theory, the energy-momentum tensor and (net) charge currents are 

nm 

N^^) = <l^ I ^ HE) - n{E)] , (3.4) 



where g counts the particle's degrees of freedom like spin and colour, E = 
describes the on-shell energy of particles with rest mass m, and n{E) [n{E)] de- 
notes the Fermi-Dirac and Bose-Einstein distributions for particles (and antiparti- 
cles) 

"^^^ = exp{[£;-E.^.(x)]/r(x)}±i' ^^-^^ 

Here, iJ,i{x) and T(x) are the local chemical potentials and temperatures. 
Defining the local rest frame [LRF, a frame where = (1,0)], the (net) charge 
density (of type i) 

(27r)' 

the ideal gas energy density 



= 9<ii I 7K^HE)-n{E)], (3.7) 



9 I j^E[n{E)+n{E)], (3.8) 



3.2 Numerical Solutions for the Equations of Motion 
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and the ideal gas pressure 

±-^ — [n{E)+n{E)], (3.9) 

equations (13.31 ) and (13.41 ) can be rewritten, resulting in the energy-momentum ten- 
sor and conserved current for an ideal gas, 

T^'^ = {^e + p)u^'u'' -pg^'\ (3.10) 
TVf = mu^". (3.11) 

Here, is the fluid four-velocity, = 7(1, w) with 7 = (1 — ?;^)~^/^, and 
g^lu _ Jia,g(+, —,—,—) is the metric tensor. Now, the 4 + n Equations of Motion 
contain only 5 + n unknown functions for the energy density e, the pressure p, the 
three components of the 4-velocity and the n conserved currents. To close the 
system an EoS for the fluid has to be specified 

p = p{e,ni). (3.12) 

The EoS is the only place where information about the nature of the fluid con- 
stituents and their macroscopic interactions enters. Though an EoS is normally 
computed for a system in (local) thermodynamic equilibrium, its explicit form is 
completely unrestricted, allowing e.g. the inclusion of phase transitions. Thus, the 
ideal-fluid approximation derived above allows to consider a wider class of systems 
than just an ideal gas in (local) thermodynamic equilibrium. 



3.2 Numerical Solutions for the Equations of Motion 

For numerical applications, it is convenient to write the conservation equations 
using calculational (i.e. laboratory) frame quantities. For the sake of simplicity, we 
restrict to the case of one conserved charge until the end of this chapter. Defining 



E = = (6 + ^)72 -p, (3.13) 

M = = {e + p)j^v, (3.14) 

R = N^ = n-f, (3.15) 

where E is the energy density, M the 3-momentum and R the charge density, the 
conservation equations (13.11 ) and (13.2b take the form 

— + V-{Ev) = -V-{pv), (3.16) 
dM - - 

— + V-{Mv) = -Vp, (3.17) 

— + V-{Rv) = 0. (3.18) 



This set of equations can be solved numerically. However, E, M, and R are values 
in the laboratory frame. While in the non-relativistic limit there is no difference 
between n and Rot e and E and the momentum density of the fluid can be simply 
related to the fluid velocity, the LRF quantities e, n, and v have to be extracted 
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from the laboratory frame values of E, M, and R in the relativistic case that has 
to be employed for the description of heavy-ion collisions. Such a transformation 
requires the knowledge of the EoS, p{e,n), and the velocity v of the local rest 
frame. 



3.3 Transformation between the Laboratory Frame and 
the Local Rest Frame 

The transformation between the laboratory frame (that is chosen for numerical 
applications) and the LRF is in principle explicitly given by equations (13.131 ) - 
(13.151 ). However, this implies a root-finding algorithm for a system of 5 equations 
that are nonlinear, since the pressure p is a function of e and n. This would be 
very time-consuming in a numerical application. Therefore, the complexity of the 
transformation problem is reduced as follows llllOl . 
The fundamental observation is that M and v are parallel. This leads via 

M ■ V = \M\ ■ \v\ = {£+p)-i'^v'^ = (e + p)(7^ -l)=E-e (3.19) 

[or alternatively using Eqs. (13.131 ) - (13.151 )1 to the expressions 



£ = E-\M\-\v\, n = Rh = rVi - . (3.20) 
Moreover, using that 

\M\ = {e^V)l^v = {E^p)v, (3.21) 
a general expression for the velocity v in the LRF can be derived 

I''" (3.22) 



Inserting Eq. (13.201 ) leads to a fixed point equation for v 

\M\ 



E + p{E- \M\ ■ \v\,RVT 



(3.23) 



Thus, for given E, M, and R, the modulus of the fluid velocity can be determined. 
From that the fluid velocity vector v can be reconstructed using v = vM/M. 
Finally, the expressions of Eq. (13.201 ) return the energy and charge densities e and 
n in the LRF. The pressure p can then be determined using the EoS p(e, n). 



3.4 The SHASTA 

In order to model heavy-ion collisions with ideal fluid dynamics, a discretized ver- 
sion of the five conservation equations (13.161 ) - (13.181 ) has to be solved. However, 
due to the fact that a system of coupled, nonlinear equations is studied, complex 
algorithms have to be applied. One of those is the SHASTA (SHarp And Smooth 
Transport Algorithm) ifTTOl fTTTl [TTIl [TT3l [TT4l that will be used in this thesis. 



3.5 Initial Conditions 
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Another prominent algorithm is the (relativistic) HLLE (Harten-Lax-van Leer- 
Einfeldt) algorithm, originally proposed in Ref. II115II . Both algorithms are euclid- 
ian and explicit, i.e., the local rest frame quantities E, M, and R are discretized on 
a fixed, euclidean grid and ai^e calculated at discrete time steps t„, involving only 
quantities from previous time steps tn-i- 

The basic idea is to construct the full 3-dimensional solution by solving sequen- 
tially three one-dimensional problems, appling the so-called method of operator 
splitting. In general, the numerical algorithm solves equations of the type 

dtU + d^{Uv + f) = ^, (3.24) 

where U is one of the quantities E,M, or R, and / represents one of the source 
terms on the r.h.s. of equations (13.161 ) - (13.181 ). For a general review, see e.g. Ref. 

nm. 

To smooth over instabilities and oscillations, Boris and Book II111II1121 developed 
the method of flux correction (FCT, Flux Con^ected Transport). An antidiffusion 
term is added to the transport scheme after each timestep. 

Since the equations of relativistic hydrodynamics are hyperbolic, they respect the 
causaUty requirement. Any algorithm solving the finite difference of a hyperbolic 
differential equation has to fulfill the Courant-Friedrichs-Lewy criterion II117II 

Ai 

— = A < 1 , (3.25) 

Ax 

ensuring that matter is transported causally within each time step. At = AAx. 
Since the algorithm averages the propagated quantities over a cell after each time 
step, it may happen that due to this process matter is distributed over an acausal 
spatial distance. This purely numerical phenomenon is called prediffusion. Some 
FCT algorithms like the SHASTA require that A < 1/2. It was shown in Refs. ifTTOl 
1 11411 that A = 0.4 is a convenient choice for the algorithm used in the following. 



3.5 Initial Conditions 

As mentioned above, the hydrodynamical framework provides a useful tool to 
study high-energy nuclear collisions. However, the initial conditions are not spec- 
ified by hydrodynamics and have to be chosen in a proper way, defining the ther- 
modynamic state of matter shortly after the impact. The evolution of the collision 
in longitudinal direction, normally chosen to be along the z-axis in direction of the 
beam, is usually described via two idealizations: 

• Landau Model: Historically, this was the first scenario where fluid dy- 
namics was applied to hadron-hadron collisions 111181 . It characterizes low- 
energy collisions and assumes that the nuclei are completely stopped during 
the impact, creating a highly excited, baiyon-free medium at rest which is 
immediately thermalized. The EoS of this medium is supposed to have a 
simple form of ^3 = c^e, with the speed of sound Cs = const. Though 
Lorentz contraction is weak, the initial extension of the medium in longi- 
tudinal direction is much smaller than in the transverse plane, resulting in 
a mainly longitudinal and thus one-dimensional expansion. Experimental 
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Figure 3.1 

Schematic picture of the temporal evolution of a system formed in a heavy-ion collision 
according to the Landau (left panel) and Bjorken model (right panel) 11201 . 

results ai^e in reasonable agreement with the Landau model, however, for 
unrealistic values of the initial energy. 

• Bjorken Model: It describes the penetration of two nuclei through each 
other and is therefore applied to collisions with a high center-of-mass energy. 
Though already investigated earlier II119II . it was Bjorken who first applied it 
to hadron-hadron colhsions |[64l . After the impact, again due to the limited 
amount of nuclear stopping power, the baryon charges keep on moving along 
the light cone, while microscopic processes lead to the creation of hot and 
dense matter in the collision zone that is assumed to thermalize within a time 
of tq. In contrast to the Landau model, the collective velocity of this medium 
is supposed to scale like Vz = z/t. However, this condition leads to boost 
invarianc^l]: Energy density and pressure are independent of the longitudinal 
coordinate z if it is compared at the same proper time r = yjt'^ — z^. Such 
curves of constant r describe hyperbola in space-time as can be seen in Fig. 
13.11 The disadvantage of this model is that it becomes independent of the 
rapidity since the EoM are boost-invariant along the beam axis. In Ref. WT\ 
it was shown that at RHIC energies boost-invaiiant and non-boost-invariant 
calculations lead to very similar results. 

One possibility to determine the initial conditions in the transverse plane is given by 
the Glauber Model II121II which is described in detail in appendix |B] It is based 
on the assumption that in ultra-relativistic heavy-ion collisions the paiticipating 
partons can be described as colliding particles. Thus, nucleus-nucleus collisions 
are treated as multiple nucleon-nucleon collisions. Starting from a Woods-Saxon 
distribution for a nucleus. 



Pa{x) 



l + exp[(|f| -RA)ld\ 



(3.26) 



'Boost invariance describes the invariance of a system under Lorentz boost which is a transfor- 
mation to a system moving with different velocity. 



3.5 Initial Conditions 



35 



where Ra = 6.4 fm and d = 0.54 fm assuming a gold nucleus with mass number 
A = 197, the nuclear thickness function 

+ 00 



is calculated, describing the part of a nucleus A which is seen by a nucleon that 
passes through this nucleus. The parameter pQ, indicating the mean density in the 
nucleus, is chosen to fulfill the condition / d?xpA{x) = A. Subsequently, see 
appendix |BJ the number density of participating nucleons {ny/N), also refen^ed to 
as wounded nucleons, and the number density of binary collisions (ubc)^ charac- 
terizing the number of inelastic nucleon-nucleon collisions, can be calculated via 



where a^N is the nucleon-nucleon cross section which is assumed to be fj ~ 
40 mb for a Au-i-Au collision at ^/sj^j^ = 200 GeV. While the total number of 
participating nucleons N]vj\[{b) = f dxdy nwN{x, y, b) can be used to define the 
centrality class of a collision, Glauber-model initial conditions are characterized 
by the parametrization II122II 

e{T = To,x,y,b) = const x nBcix,y,b) , (3.30) 

which leads to a reasonable description of experimentally measured multiplicity 
distributions. The constant is usually chosen to guarantee that the central energy 
density in the overlap region corresponds to a predefined temperature. As proven 
e.g. in Refs. ifTSl I122II . this temperature can eventually be employed as a fitting 
parameter for the multiplicities. 

The above expression for the energy density can be used as initial condition for a 
hydrodynamic simulation of a heavy-ion collision since such a numeric applica- 
tion propagates (as shown in the previous sections) an initial energy and velocity 
distribution. 

When studying jets traversing a hydrodynamical medium in part JIlJ we will first 
focus on a static medium. However, chapter [TT] discusses an expanding system 
where Glauber-model initial conditions [as defined by Eq. (13.301) 1 are applied, 
though any longitudinal flow will be neglected. 

However, there are still theoretical uncertainties regarding the Glauber approach 
and it is discussed if plasma-instability models 111231 or a color-glass condensate 
II 12411 might be more appropriate to specify the initial stage. The latter one is based 
on the idea of gluon saturation at high energies and, as shown in Ref. II122II . does 
not seem to require eai^ly thermalization in order to describe the elliptic flow of 
charged hadrons. 




(3.27) 
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3.6 The Equation of State 

Once an initial condition is specified, the hydrodynamic evolution is uniquely de- 
termined by the Equations of Motion (see section 13. lb . However, the essential 
information needed is the Equation of State (EoS), providing a correlation between 
the pressure p{e, n-i), the energy density e, and the charge densities n-i of the sys- 
tem. 

Several different EoS are used in hydrodynamical applications, since they also of- 
fer the possibility to study phase transitions. Thus, some of the applied EoS try to 
model the phase diagram of QCD (see sec. 11.21 ) to check its properties. 
The simplest EoS is the one for an ideal gas of massless non-interacting massless 
particles given by 

p{e) = |, (3.31) 

which is independent of the charge current. The relation is derived in appendix O 
This EoS is certainly an idealization, but appropriate to study the intrinsic char- 
acteristics of certain effects - as we are going to do in the course of this thesis. 
Therefore, the results presented in part JII] will focus on the ideal gas EoS. In par- 
ticular, a gas of massless gluons will be considered, for which 

e(T) = I^TT^r^ and ^ = 2 • 8 = 16 . (3.32) 

Another very common EoS contains a first order phase transition lITSl 11131 . In 
Ref. |[TT3l . the MIT-Bag ModeH jTBl specifies the QGP phase and is coupled via 



Gibbs' conditions for phase equilibriurrlj to a hadronic phase described by a mod- 
ified version of the a-uj model II126II . 

Likewise, an EoS characterizing a cross-over transition to a chiral condensate II127II 
and an EoS based on Lattice QCD calculations II122[ I128II were employed to hy- 
drodynamic models. 

The EoS defines the speed of sound of the medium studied. 



2_dp 
' de 



(3.33) 

s/n 



For an ideal gas EoS, the speed of sound is Cs = \/l/3 « 0.577. 



3.7 The Freeze-out 

Hydrodynamical calculations provide the temporal evolution of fields, like e.g. the 
temperature and the velocity (flow) fields. In order to compare the result of such a 
hydrodynamic evolution to experimentally measured observables, a description for 
the conversion of the fluid into particles is needed. 

Consequently, the hydrodynamical configuration has to be translated into an emis- 
sion profile, providing the average number of particles from the fluid with a mo- 
mentum p. A schematic representation of the complete process is given in Fig. 13.21 

^The MIT Bag Model describes a bag in which the quarks are allowed to move around freely. 
^ Gibbs' conditions for phase equilibrium imply thatphad = Pqgp, Thad = Tqcp, and /Jhad = 
MQGP. 
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Figure 3.2 

Schematic representation of a heavy-ion collision, plotted as a function of t and z, 
considering a scenario without (left panel) and with (right panel) the creation of a QGP 

lEol. 



One of the common approaches used is the Cooper-Frye freeze-out II129I . Here, 
the above mentioned conversion of the fluid into free particles is achieved instan- 
taneously at a critical surface dT,^ in space-time (see Fig. I3.3I ). Applying a thermal 
distribution function, the emission pattern can be calculated via 

- (3.34, 



where T is the temperature and the flow at the freeze-out position. Here, / 
denotes the Boltzmann, Fermi-Dirac or Bose-Einstein distribution. Since 

dN _ 1 dN 
d^p 



(3.35) 



E pTdpTdcpdy ' 

with the rapidity y and the azimuthal angle ip, the Cooper-Frye formula can be 
rewritten to the form usually applied in heavy-ion physics 

dN 
pxdpTdifdy 

In the following, we will focus on the Boltzmann distribution 



dT.^p'^ f{u-p/T) 



(3.36) 



f{u-p/T) 



9 



■ exp 



'T{x)_ 



(3.37) 



3.7.1 The Hypersurface 

The hypersurface indicates the space-time location for particle emission according 
to some criterion which is typically chosen to be a certain time or a certain tem- 
perature, specifying an isochronous or isothermal freeze-out, respectively, see Fig. 
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Figure 3.3 

A schematic picture of the space-time distribution of an isochronous and isothermal 
hypersurface. 
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Since the code |114| applied for the hydrodynamical simulations in part|lll]is de- 
fined in {t, X, y, z), we will use Cartesian coordinates below. For the parameteriza- 
tion of a boost-invariant surface, depending on the rapidity, see e.g. Ref. [131]. 
Thus, the hypersurface is defined as 

S'' = ^^'{t,x) = Ef'[t{x),x] , (3.38) 

and the normal vector on such a surface is given by 

dS^ = eA^-V^^^d^x , (3.39) 
ox ay oz 

where e^'^'^P denotes the Levi-Civita tensor 

1 even permutation 
^fiuXp ^ = j _i odd permutation | . (3.40) 

otherwise 

Generally, dS'^ can be either space-hke (dS = g^^ydTi^^dH^ < 0) or time-Uke 
(dS > 0). 



3.7.2 Isochronous Freeze-out 

An isochronous freeze-out describes the particle emission at a certain time t = 
const. Therefore, the normal vector of the hypersurface, applying Eq. (13.39b . be- 
comes 

dS„ = (l,0)d^x (3.41) 
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which leads to a straight line in the space-time representation shown in Fig. 
The general expressioiO for the four-momentum of the particle i^ 



[m7'COshy,pr,m'rsinhy] 



(3.42) 



where niT = y Pt ~^ denotes the transverse mass of the particle. This relation 
fulfills the condition p'^p^ = m?. After choosing a transverse momentum distri- 
bution, where pr = pt(cos (p, sin ^p), and inserting the Boltzmann distribution Eq. 
(13.371 ). the particle emission pattern can be computed via 

dN q 



PTdprdipdy 



(27r)' 



d X niT cosh y 



X exp 



7 

T L 



rriT cosh y — pxVx cos ip 
Pt Vy sin (p — niT Vz sinh y 



} . (3.43) 



3.7.3 Isothermal Freeze-out 



The isothermal freeze-out characterizes the decoupling of the fluid if the tempera- 
ture has fallen below a certain critical temperature Tpo- In that case, the normal 
vector of the hypersurface [see Eq. (13.391 )1 is 



(1, -dxt, -dyt, -dzt) d^x. 



(3.44) 



Thus, for the same assumptions as in the previous section [namely for inserting 
the four-momentum of Eq. (13.421 ) and considering a Boltzmann distribution], one 
obtains 



dN 



9 



pxdpxdipdy 



(2vr)= 



d-^x 



rriT cosh y — (dxt) pT cos (p 

— {dyt) Pt sinip — {dzt) rriTsmYvy 



X exp 



r_7 

I T 



niT cosh y — ptVx cos ip 
-pT Vy sin ip — niT Vz sinh y 



} . (3.45) 



As mentioned above, the Cooper-Frye method implies an instantaneous conversion 
of the fluid fields into free particles, assuming that the mean-free path immediately 
changes from zero to infinity. Since viscosity (which assumes a non-zero mean- 
free path within the fluid) increases during the last stages of the fireball evolution, 
it is possible that this direct conversion and emission generates considerable un- 
physical artifacts. 

Therefore, hydrodynamical evolutions were coupled to hadronic kinetic models 
Mke the UrQMD lfT05l[T27l[T32l[T33l . The transition between these two models, 
however, is still done using a Cooper-Frye prescription. Unfortunately, the de- 
coupling time of the fluid is unknown and because of effects like rescattering and 

"^Here the transformations E = ttit cosh y and pz = sinh y are used. 
^Actually several particles species have to be considered for a correct prescription of the freeze- 
out leading to various particles with different masses. 
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coalescence II134[ 1 13511 at the late stages of the hadronic evolution one might have 
to revise the freeze-out prescription. 

3.7.4 Bulk Flow Freeze-out 

As an alternate freeze-out scheme we will also consider a calorimetric-like observ- 
able (called bulk flow freeze-out) in part JIlJ describing a polar-angle distribution 
weighted by the momentum density 



that was presented in Ref. II136I . Its basic assumption is that all the particles inside 
a given small subvolume of the fluid will be emitted in the same direction. This 
quantity differs from the Cooper-Frye freeze-out mainly by the neglect of the ther- 
mal smearing at the freeze-out time. 

The very strong assumption in this decoupling scheme is that hadrons from each 
frozen-out cell emerge parallel to the cell total momentum "P* = d^x T^'^{tf,x). 
Many other similar purely hydrodynamic measures of bulk flow are possible ll82l . 
e.g. weighting by energy or entropy density instead of momentum density. Indeed, 
an equivalent measure is given by the energy flow distribution II137II 




cells 




\Mit,x)\ 



(3.46) 



d^x £{x) 6[(f>- <^{x)] 6[y- Y{x)] , 



(3.47) 



d(f)dy 



where denotes the azimuthal angle and y the rapidity. However, we found no 
qualitative differences when changing the weight function. 



Chapter 4 

Viscous Hydrodynamics 



One of the major successes at RHIC was to show that the medium created during a 
heavy-ion collision behaves like a "nearly perfect fluid" llT0l[m[T2l[T3l[T4l . This 
implies that dissipative effects have to be small, but it does not answer the question 
how perfect the "nearly perfect liquid" is, an issue that cannot be answered using 
ideal hydrodynamics. Therefore, dissipative quantities have to be included into the 
description of heavy-ion collisions in order to gain a qualitative understanding. 
It is necessary to apply viscous hydrodynamics for various realistic initial condi- 
tions (which are unfortunately not known explicitly for a heavy-ion collision) to 
confirm the smallness of the dissipative quantities. Recently II122[ 11381 11391 11401 
[Tin [1421 [1431 [1441 [1451 [1461 [1471 [1481 . theoreticians just began to study those 
viscous effects systematically and to apply a corresponding description to the col- 
lective flow. 



4.1 Tensor Decomposition of and T'^^ 

As already discussed in the previous chapter, relativistic hydrodynamics implies 
the (local) conservation of energy-momentum and any (net) charge current, Eqs. 
(13.11 ) and (13.21 ). The tensor decomposition of the respective quantities, A^^ and 
r^*^, with respect to an arbitrary, time-like, normalized 4- vector = 7(1, 
{u^u^ = 1) reads 

iVf = mu^' + Vt, (4.1) 
T^"' = eu^'u'' -{p + Ii)/\i''' + 2q^^'u'''^ +^T^"' . (4.2) 

In the LRF, where = (1, 0), 

Ui = Nj'u^ (4.3) 
is the net charge density, 

Vt = A(;iV^ (4.4) 
the diffusion current, 

£ = u^T^'^u^ (4.5) 
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the energy density, 

P + n = -^A^%, (4.6) 
the sum of the thermodynamical pressure p and bulk viscous pressure H, 

A''^ = g'"'-u^'u'' (4.7) 
denotes the projector onto the 3-space orthogonal to u'^, 

= ^^"Tyxu^ (4.8) 
is the heat flux current and 

^,,v _ rj.{t,v) ^ J^Aj'^A^) - ^A^^A^^^ (4.9) 

the shear stress tensor. The notation 
1 



a^'^ + a"^) (4.10) 



2 

stands for the symmetrization in all Lorentz indices and 



^^"^ ^ (Ai^A^)^ - Ia^-A,^) a"^ (4.11) 



3 

represents the symmetrized, traceless spatial projection. By construction, 

A^-^n, = , Vf'u^ = , qf'u^ = , Trf^'u^ = irf^'u, = = , (4.12) 
A^°A/ = Af"" , (4.13) 

implying that q'^ has only three and -k'^'^ only five independent components. Due to 
the condition for normalization, u^' also has only three independent components. 
The space-time derivative decomposes into 

d'^a = uf^h + Va, (4.14) 

where a = Ufj_d^a is the convective (comoving) time derivative and V = A^'^di, 
the gradient operator. Differentiating u'^u^ = 1 with respect to the space-time 
coordinates leads to the relation 

Uf,^^u^' = 0. (4.15) 

Obviously, setting the dissipative quantities bulk viscous flow 11, heat flux current 
g^, shear stress tensor vr^'', and net charge density V^^ to zero 

n = , qf" = 0, vr^'' = 0, V/" = , (4.16) 

Eqs. (14.11 ) and (14.21 ) reduce to the ideal-fluid limit discussed in chapter |3l Eqs. 
(13.101 ) and (13.111 ). describing (local) thermodynamical equilibrium. 



4.2 The Eckart and Landau Frames 
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4.2 The Eckart and Landau Frames 

So far, is arbitrary, but one can give it a physical meaning. Then, u'^ is a 
dynamical quantity whose three independent components have to be determined 
(n^ti^ = is still valid). 

• Eckart (or Particle) frame: 

Here, is the 4- velocity of the (net) charge flow, i.e., the velocity of charge 
transport. Thus, is parallel to the (net) charge cun^ent A'^^' 

(4.17) 



and the diffusion current vanishes, 

Vl" = 0. (4.18) 



Landau (or Energy) frame: 

This choice describes u^'- as the 4-velocity of the energy flow. Therefore, n'^ 
is parallel to the energy flow 

= (4.19) 

and obviously the heat flux current vanishes, 

q^' = {). (4.20) 



Both frames have their advantages. The Eckart frame leads to a simple law for 
chai^ge conservation, while the Landau frame reduces the complexity of the energy- 
momentum tensor. However, considering a system without a (net) charge, the 4- 
velocity in the Eckart frame is not well defined. 



4.3 The Fluid Dynamical Equations of Motion 

The tensor decomposition of the n (net) charge currents [Eq. (14.11 )1 and the energy- 
momentum tensor [Eq. (14.21 )1 contain 11 + 4n unknowns, e,p, ni(n Eqs.), 11, the 
three components of l/j^(3nEqs.), the three components of q^, and the five com- 
ponents of vr^'^ 

However, the conservation of the n (net) currents, the energy and the 3-momentum 
leads to 4 + n Equations of Motion. In particular, these are 

'An equivalent way of counting says tliat for any given 4-velocity there are the 17 + 5n 
unknowns e(l Eq.),p(l Eq.), ni(n Eqs.), n(l Eq.), l/.''(4n Eqs.), g''(4 Eqs.) and ^^"(10 Eqs.), 
which are reduced to 11 + 4n unknows by the conditions = (1 Eq.), vr^ = (1 Eq.), 

tt^TT"" = (4 Eqs.), and u^^Vt = (n Eqs.). 
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(Net) charge conservation: 

5,,iVf = n, + n,e + d^Vt = (4.21) 

where 9 = d^u^^ is the so-called expansion scalar. 
Energy conservation: 



u^df.T^"' = e+{e + p + U)e + u^r + d^,q''-7r'"'d^u^ 

= . (4.22) 

• Momentum conservation (acceleration equation): 

A^"'d^nx = 0, (4.23) 
(e + p) = (p + n) - nti^ - A^'^g^ 

-qf^e - q^'d^u^ - A^'^dK^x ■ (4.24) 

Thus, to close the system, one needs additional 7 + 3n equations, 6 + 3n equations 
to determine the dissipative quantities IT (one Eq.), q'^ (or Vf, will be propor- 
tional to rii, thus 3n Eqs.), -k'^'^ (five Eqs.) and the EoS. 

Those equations of dissipative fluid dynamics are either provided by so-called first- 
order or second-order theories (see below). A first-order theory, like the Navier- 
Stokes approximation discussed in the next section, expresses the dissipative quan- 
tities TT^q^ (or y.^), and vr'^'^ in terms of the variables e,p,ni,u'^, or their gradi- 
ents. In a second-order theory, those variables are treated as independent dynamical 
quantities whose evolution is described by transport equations which are differen- 
tial equations. In the following, we will again restrict to one conserved charge. 

4.4 The Navier-Stokes Approximation 

In the NS approximation, the dissipative quantities H, g^, tt'^'^ are given by 

Hns = -C0, (4.25) 

= 2r?a^^ (4.27) 

with the definitions /? = 1/T and a = f3fi, where is the chemical potential 
associated with the (net) charge density n. k, and r] denote the bulk viscosity, 
thermal conductivity, and sheai^ viscosity coefficients, and a^"^ = V^^u'^^ is the 
shear tensor. 

While Eq. (14.261) is valid in the Eckart frame, it can easily be adjusted to the Lan- 
dau frame by applying the transformation q^ — > —V^{e +p)/n. 
Since 11, q'^ (or V^), and vr'^'^ are only given in terms of the primary variables, one 
obtaines a closed set of Equations of Motion by inserting the above expressions 
into Eqs. (H^Tl) - KTi\i . 



4.5 A Phenomenological Derivation 
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However, these equations will lead to unstable solutions and support acausal prop- 
agation of perturbations II149I . 

A viable candidate for a relativistic formulation of dissipative fluid dynamics, 
which does not exhibit these problems, is the so-called second-order theory of 
Israel and Stewart 111501 (for a discussion about stable and causal relativistic fluid 
dynamics see Ref. II151II ). In the course of this chapter, we present the full Israel- 
Stewart equations of relativistic dissipative fluid dynamics as they emerge applying 
Grad's 14-moment expansion II152I to the Boltzmann equation and truncating dis- 
sipative effects at second order in the gradients. 



4.5 A Phenomenological Derivation 

One possibility to obtain the fluid-dynamical Equations of Motion for the bulk 
pressure, the heat flux current, and the shear stress tensor is a phenomenological 
approach. Here, the derivation shall briefly be introduced, before an alternative 
(using a derivation applying kinetic theory) is discussed below in detail. It starts 
from the second law of thermodynamics, the principle of non-decreasing entropy, 

d^S^ > 0. (4.28) 

The next step is to find an ansatz for the entropy. In the limit of vanishing IT, g^, and 
TT^'^, the entropy 4-cuiTent should reduce to the one of the ideal fluid S^^ su^^. 
Since the only non- vanishing 4- vector that can be formed from the available tensors 
uf^, qf^, and vr^'' is this leads to 

= suf' + pqf'. (4.29) 

With the help of this ansatz as well as the conservation equations of (net) charge 
and energy, one computes that 

T^^S^' = iT|3-l)^f,q^' + q^'{u^ + T^^(3)+^T^"'^^u, + m> 0. (430) 

This inequality can be ensured by choosing the dissipative quantities to agree with 
the Navier-Stokes equations [Eqs. (14.251 ) - (14.271 )1. Moreover, it results in 

However, as already mentioned, these equations contain instabilities. A solution 
is to implement corrections of second order in the dissipative quantities into the 
entropy current II1501I153I . 

= sn^ + pq^ + , (4.32) 

where 

= aoHg^ + aivr^V + u^(/3on2 + + /Jstt'^Va) . (4.33) 

Inserting this expression into S^S"^ > leads to differential equations for H, qf^, 
and tt'^'^ which depend on the coefficients (, rj, k, oq, ai, Po, /3i, and (32- 
However, this phenomenological ansatz (which was explained in detail e.g. by 
Muronga II154II ) does not determine the values of these coefficients. 
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4.6 Scales in Fluid Dynamics 

In order to derive the equations of dissipative fluid dynamics in terms of a gradient 
expansion, one has to know about the scales in fluid dynamics. In principle, there 
are three length scales in fluid dynamics, two microscopic scales and one macro- 
scopic scale. The two microscopic scales are the thermal wavelength, Ath ~ (3, 
and the mean free path, ^mfp ~ ((cr)n)~^, where (cr) is the average cross sec- 
tion. The macroscopic scale, -Lhydro is the scale over which the fluid fields (like 
e, n, u'^, . . .) vary, i.e., gradients of these fields are typically of order ~ ^hydro- 
Due to the relation n'^/^ j3 ^th, the thermal wavelength can be interpreted 
as the interparticle distance. However, the notion of a mean-free path requires the 
existence of well-defined quasi-paiticles. Since this quasi-particle concept is no 
longer valid in strongly coupled theories, these only exhibit two scales, Ath and 

ro- 

The ratios of the transport coefficients C,, k//3, and r/ to the entropy density s are 
solely determined by the ratio of the two microscopic length scales, ^mfp/Ath- For 
the proof we use that rj ~ ((o-)Ath)~^ and ?i ~ ~ s, 

' ' ' " (4.34) 



Ath {cr)n Ath (o-)Ath n s ' 

Similar arguments hold for the other transport coefficients. There exist two lim- 
iting cases, the dilute-gas limit, with ^mfp/Ath r]/s —>■ oo, and the ideal-fluid 
limit, where £mip/Kh ~ ?7/s — > 0. Estimating ^^fp ~ ('^)"^-^th' ^^^^ ^^^^ 
responds to {a) /\\-^ — > 0, thus, the interaction cross section is much smaller than 
the area given by the thermal wavelength. In other words, the average distance 
between collisions is much larger than the interparticle distance, allowing to inter- 
pret the dilute-gas limit as a weak-coupling limit. Similarly, the ideal-fluid limit 
corresponds to {a)/X'^^ — > oo, describing the somewhat academic case when in- 
teractions happen on a scale much smaller than the interparticle distance, defining 
the limit of infinite coupling. The interactions get so strong that the fluid assumes 
locally and instantaneously a state of thermodynamical equilibrium. 
For any value of r]/s [and, analogously, (/s and k/ (/3s)] between these two limits, 
the equations of dissipative fluid dynamics may be applied for the description of 
the system. The situation is particularly interesting for ^mfp/\h ~ v/^ 1 
equivalently, (cr) ~ A^j^ ~ T~^. Then, the problem reveals only one microscopic 
scale Ath, as e.g. in strongly coupled theories. 



4.7 The Knudsen Number 

The Knudsen number is defined as 

K = ^mfp/ -f'hydro • (4.35) 

Since i^jjyjj-o ~ ^M' expansion in terms of K is equivalent to a gradient ex- 
pansion, i.e., an expansion in terms of powers of £mfp9^ as it is done by using 
Grad's method Ill52i One important conclusion is that the ratios of the dissipative 
quantities IT, (or V^), and vr^*^, assuming that they do not differ too much from 
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their Navier-Stokes values, to the energy density are proportional to the Knudsen 
number. Applying the fundamental relation of thermodynamics, e +p = Ts + fin, 
to estimate /3 e ~ Ath e ~ s and employing Eq. (14.251 ). one can show that 

— ~ T Ath 6' -„ ^mfp 

e e £ Ath^ s l:mfp 

C ( ^mfp \ 



A 



th 



K\u^'\r^K. (4.36) 



In the last step, we have employed Eq. (14.341 ) and the fact that u'^ ~ 1. The result 
is remarkable in the sense that Il/e is only proportional to K, and independent of 
the ratio of viscosity to entropy density which drops out on account of Eq. (14.341 ). 
Therefore, we can conclude that if the Knudsen number is small, K ^ 5 1, the 
dissipative quantities are small compared to the primary variables and the system 
is close to local thermodynamic equilibrium. 

Then, the equations of viscous fluid dynamics can be systematically derived in 
terms of a gradient expansion or, equivalently, in terms of a power series in K or, 
equivalently because of Eq. (14.361 ). in terms of powers of dissipative quantities. At 
zeroth order in K, one obtains the equations of ideal fluid dynamics, at first order 
in K, one finds the Navier-Stokes equations, and at second order in K, the Israel- 
Stewart equations emerge. 

The independence of the ratio of dissipative quantities to primary var iables from the 
viscosity to entropy density ratio has an important phenomenological consequence. 
It guarantees that, provided that gradients of the macroscopic fluid fields (and thus 
K) ai^e sufficiently small, the Navier-Stokes equations [Eqs. (14.25b to (14.271 )1 are 
valid and applicable for the description of systems with large rj/s, like water at 
room temperate and atmospheric pressure. 



4.8 Transport Equations of Dissipative Quantities To 
Second Order in the Knudsen Number 

To second order in dissipative quantities [or equivalently, because of Eq. (14.361 ). to 
second order in the Knudsen number], the relativistic transport equations for the 
bulk flow n, the heat flux current q^, and the shear stress tensor -k'^^ , derived from 
the Boltzmann equation via Grad's method II152II . are given by II155II 

n = -Qe-Tuti + mqq^.ii^' -luqy^.q^' -Qk^e 

+AnqQ^V^a + An^TT^^a^'^ , (4.37) 
(3(3{e + p) 

-^hq^'O - X^gaf'^'q, + A^nHVa + A^^vr'^^V.a , (4.38) 

-2T^Tr[^a''^^ - 2A^5g<^V^>a + 2A^nncj''^ . (4.39) 
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For the details of the derivation, see appendix |D] and Ref. II156II . The expressions 
for the relaxation times r^, Tq, and as well as the coefficients r^rg, Ixiq, f-q-n, 
Kq, Ang, Xutt, \q, \tt, Kq, Ku, and (5o, h will be given in Ref. Ill56i 
They are complicated functions of a and /?, divided by tensor coefficients of the 
second moment of the collision integral. 

The form of the transport equations is invariant of the calculational frame (Eckart, 
Landau, . . . ), however, the values of the coefficients are frame-dependent, since 
the physical interpretation of the dissipative quantities varies with the frame. For 
instance, q^^ denotes the heat flux current in the Eckart frame, while in the Landau 
frame, = —V^{e + p)/n is the (negative of the) diffusion current, multiplied 
by the specific enthalpy. For details see again appendix iDl 

While the Navier-Stokes equations [Eq. (14.251 ) - (14.271 )1 are obtained by neglecting 
all terms to second order of the Knudsen number (i.e., by considering solely terms 
to first order in K which are the first terms on the r.h.s.), the so-called simplified 
Israel-Stewart equations (a term taken from Ref. B 157| ) emerge by keeping only 
the first two terms on the r.h.s. of Eqs. (14.371) . (14.381 ). and (14.391 ). The resulting 
equations have the simple interpretation that the dissipative quantities 11, q^, and 
tt'^^ relax to their corresponding Navier-Stokes values on time scales of rn, Tq, 
and Ttt. 

For times t < ti {i = H, q, vr) the dissipative quantities 11, q'^, vr^'^ are driven to- 
wards their Navier-Stokes values. Once they are reasonably close to these, the first 
terms on the r.h.s. largely cancel against the l.h.s. The further evolution, for times 
i > Tj, is then determined by the remaining, second-order terms. Thus, these terms 
constitute important corrections for times t > ti and should not be neglected. 
The third and fourth term in the first line of Eq. (14.37b . the second line of Eq. 
(14. 381 ). and the three first terms in the second line of Eq. (14.391 ) were also obtained 
by Israel and Stewart II150II . while the remaining second-order terms were missed 
or neglected. Presumably, Israel and Stewart made the assumption that second- 
order terms containing 9, a^^ , or V^a ai^e even smaller than suggested by power 
counting in terms of K. Also, the last two terms in the first line of Eq. (14.371 ). 
the last three terms of the second line and the first term of the third line of Eq. 
(14.381 ) as well as the last three terms of the second line of Eq. (14.391 ) were ob- 
tained by Muronga II144II . while the other second-order terms do not appear- in that 
publication. A possible reason is that the corresponding treatment is based on the 
phenomenological approach to derive the Israel-Stewart equations and terms not 
generating entropy are absent. 

The third line of Eq. (14. 371 ). as well as the last thr^ee terms in the third line of Eqs. 
(14.381 ) and ( 14.391 ) were (with one exception discussed below) neither given by Is- 
rael and Stewart 111501 nor by Muronga II144II . and are thus completely new in the 
discussion of the transport equations for the dissipative quantities 111551 . 
If we set n = = in Eq. (14.391 ). the resulting equation for -k^^^ is identical to 
that found in Ref. 111581 . In particular, the first term in the third line was already 
obtained in that paper, where it appeared in the form (Ai/r/^) t:^^tt^^^. Using the 
NS value (14.27 b for vr'^^, which is admissible because we are computing to second 
order in K, to this order this is identical to 2{\i / rj) tt a^^'^ . By comparison 
with Eq. ( 14.391 ). we thus get a prediction for the coefficient Ai from kinetic theory, 
Ai = rj, in agreement with Ref. 111581 . 



4. 9 The Shear Viscosity over Entropy Ratio 
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Note, however, that this discussion so far neglects additional terms which arise at 
second order in K when expanding the second moment of the collision integral. 
(This was akeady noted in Ref. Ill58i ) This will change the coefficient of the re- 
spective term such that it is no longer equal to t-,^. It will therefore also lead to 
a different result for Ai. In a recent study HI 5911 a complete calculation was per- 
formed. 

Thus, the treatment discussed above leads to transport equations of the bulk flow 
n, heat flux cun^ent q^, and sheai^ stress tensor -k^'^ to second order in the Knudsen 
number. It is also applicable to non-conformal systems with non-vanishing (net) 
charge density. In the future, it will be necessary to work on a generalization of 
those equations to a system of various particle species 111 601 as well as on the nu- 
merical implementation and application to modelling the dynamics of heavy-ion 
collisions. 

4.9 The Shear Viscosity over Entropy Ratio 

One measure for the viscosity of a system is the shear viscosity to entropy ratio, 
■q/s, reflecting the "degree of thermalization" since for low rj a large s means that 
a hot system thermalizes quickly. More than 20 years ago, this ratio was already 
estimated to be II161II 



Since the contribution from shear- viscosity to viscous hydrodynamics is larger than 
from bulk viscosity or thermal conductivity, progress has mainly been made in 
performing viscous hydrodynamical calculations including the shear terms. From 
comparing those elliptic flow calculations 111221 11621 1163II to experimentally mea- 
sured data, it was shown that 



Recently ll46ll . a calculation using the parton cascade BAMPS led to 0.08 < r]/s < 
0.15. 



- > — = 0.067. 

s 15 



(4.40) 



< < 0.2. 



(4.41) 



Chapter 5 

Shock Wave Phenomena 



Fluid dynamics exhibits a special feature: Shock waves. They are discontinuities 
and characterize that part of the medium which will subsequently move with a ve- 
locity Vshock / "ymcdium- 

The easiest way to introduce shock waves is by discussing the Riemann problem 
which describes the decay of a discontinuity between two regions of constant flow. 
It is a well-known problem in fluid dynamics and can be solved analytically in one 
dimension for an ideal fluid (for a review see e.g. Ill 161 ). 

The corresponding initial conditions aie two different regions, both in thermody- 
namical equilibrium, that differ by their pressures (see Fig. l5.1l ). During the follow- 
ing hydrodynamic evolution, a shock wave will develop that travels supersonically 
('^shock > Cs) into that part of the system with the lower pressure (i.e., to the right in 
Fig. 15.11) . while simultaneously a rarefaction wave moves with a velocity equal to 
the speed of sound into matter with larger pressure (to the left in Fig. 15. lb . During 
that process, a region of constant pressure evolves behind the shock wave which is 
called the shock plateau. 

Applying the conservation equations of (net) charge, energy, and momentum, it is 
possible to show that the velocity of the shock front Ill08[|110llll6ll 



can be determined from the relativistic Rankine-Hugonoiot-Taub equation (RHTA) 



where w = e + p denotes the enthalpy, p the particle density, and pi (p2) the pres- 
sure in front of (behind) the relativistic shock front so that p2 > Pi- 
Theoretically, it was already predicted in the 1970's that shock waves should occur 
in collisions of heavy nuclei II165II due to the strong compression of the medium. 
Later on, this phenomenon was observed experimentally 111661 11671 1168II . Of 
course, one of the basic questions is the origin of the discontinuity. The early 
works 111661 investigated the penetration of a smaller nucleus through a lai^ger one. 
In that case, a region of extremely dense matter is formed (mainly from the remnant 




(5.1) 








(5.2) 
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Figure 5.1 

The evolution of a discontinuity leading to a shock front as a sketch (left panel) and 
calculated with a 1-dimensionalhydrodynamical algorithm 111 101 . 



of the smaller nuclei) which moves in beam direction with a velocity larger than 
the speed of sound leading to a discontinuity due to the superposition of a large 
number of infinitesimal sonic perturbations. Such perturbations can superimpose 
to the characteristic pattern of a Mach cone, which is discussed in the next section. 
Currently, the penetration of a smaller nucleus through a larger one is investigated 
for FAIR conditions |[T69l . 

It was suggested ||82l [13 [HOl [ml [ml [ml that such Mach cones could also be 
created in heavy-ion collisions. As already mentioned in section [2l hard probes 
formed in the very early stages of the collision can propagate through the medium, 
acting as perturbations of the medium. 



5.1 Mach cones 

Sound waves can be created due to a perturbation (like a jet) and propagate through 
a fluid. If the origin of this perturbation (i.e., the source) does not move, it emits 
spherical waves which travel (isotropically) with the speed of sound through the 
medium. For a moving source, however, the spherical waves interfere, leading to 
a compression zone in the direction of motion as described by the Doppler effect. 
As soon as the velocity of the source is larger than the speed of sound, the source 
moves even faster than the emitted sound waves. Thus, as shown in Fig. 15.21 the 
interferencepattern results in a conical compression zone, a discontinuity called 
Mach conqj. The opening angle of such a Mach cone is given by 

sin a = — , (5.3) 

V 

(as one can easily deduce from Fig. 15.21 applying simple trigonometric functions) 
where v denotes the velocity of the source through the medium. If particles are 
created in the discontinuity, they are mostly emitted perpendicularly to the Mach 
cone. 



'Ernst Mach (1838-1916) was an Austrian physicist who was a professor in Graz and Prague. 



5.1 Mach cones 
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Figure 5.2 

The interference pattern of spherical waves leading to the formation of a Mach cone. The 
source emitting sound waves propagates with a velocity larger than the speed of sound 
through the medium so that a conical discontinuity emerges with an opening angle a. 
Particles created in this discontinuity are always emitted into an angle /3 = tt — a. 

Thus, the emission angle (often also referred to as Mach angle (/)a/) is /3 = c^m = 
vr — a, and therefore 

cos/? = — . (5.4) 

V 

Since Mach cones are discontinuities, they belong to the category of shock waves. 
If one wants to study Mach cones with a certain numerical alorithm, it has to be 
first checked that it is possible to describe the propagation of shock waves using 
this particular application. For the SHASTA, this was done in Ref. UllOII . Re- 
cently, as demonstrated in Ref. II174L it was shown that it is possible to describe 
shock waves using the parton cascade BAMPS 111061 . 

The basic idea when applying the concept of Mach cones to high-energy heavy- 
ion collisions is that a hard-pf particle, travelling with a velocity v-^ct (close to the 
speed of light) thi^ough the medium, re-distributes its energy to lower-pj- particles. 
Thus, it acts as a source in the fluid probably exciting sound waves which interfere 
and form a Mach cone. 

Subsequently, there should be an enhanced particle emission under a distinct Mach- 
cone angle. If this idea is correct and it is possible to extract the emission an- 
gle from the measured particle distributions, it would give direct access to the 
(averaged) speed of sound of the medium via Eq. (15.41 ). Then, as suggested in 
Refs. |[82ll83l . it might be possible to draw conclusions about the properties of the 
medium, especially about the speed of sound and to extract information about the 
EoS. 

Assuming that the medium can be described by an ideal gas EoS with Cg = 1/ \/3 ~ 
0.57, the Mach-cone emission angle is /? = (;/) a/ = 0.96 rad, which agrees with the 
measured particle distributions introduced in chapter |2] Therefore, the medium 
formed in a heavy-ion collision might possibly behave like an ideal gas which ther- 
malizes quickly, allowing for the creation of Mach cones. 

Of course, it is tacitly assumed here that the velocity of the jet, which is usually 
estimated to be close to the speed of light, is constant and known. However, even 
in that case it is only possible to extract a mean value for the speed of sound. If the 
medium properties change, e.g. due to a phase transition (as it is expected when the 
medium cools down), the speed of sound changes (and might actually go to zero in 
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case of a first-order phase transition), affecting the Mach-cone angle as well. 
Strictly speaking, Eq. (15.41) only applies for weak, sound-like perturbations. Cer- 
tainly there is no reason to assume that in physical systems the amplitude of the 
perturbation is really small. Thus, to calculate the opening angle of a cone that is 
created due to the pile-up of matter at the head of the jet which creates a shock per- 
turbation, a more general problem has to be adressed. It was shown in Ref. II175II 
that this problem splits up into 

• the oblique-shock- wave problem II108II1761 close to the head of the jet lead- 
ing to the cone angle that results from the shock wave, taking into account 
the influence of flow, 

• and the Taylor-Maccoll problem II1771 11781 behind the shock which calcu- 
lates the flow of matter along the cone. 

The first one determines the opening angle of the cone in the vicinity of the shock 
to be 

sin (j)M = (5.5) 

with = 1/ Y^l — c^. Only in the non-relativistic limit, this results in the above 
Eq. (15.31) . Thus, just (far) behind the head of the jet, in the so-called /ar zone, where 
the perturbations due to the jet are much weaker than close to the head of the jet, 
Mach-cone angles computed according to Eq. (15.41 ) are quite well reproduced. As 
can be seen from the figures of part |llll especially slow moving partons create a 
pile-up of matter leading to a bow shock which changes the opending angle of the 
Mach cone close to the head of the jet. 

It should be mentioned in this context that the creation of a Mach cone is a general 
phenomenon possible in any plasma. Thus, Ref. II173II discusses the possibility 
that shock waves and Mach cones might also appear in a plasma formed due to 
mono-jets that are emitted by radiating mini-black holes which can be produced in 
large collider faciUties Uke the LHC. 

It was already discussed in chapter |2] that conical emission patterns were found in 
the two- and three-particle coiTclations measured at RHIC. Nevertheless, it could 
not be proven that this shape results from the creation of Mach cones (see section 
12.2.21 ). The main issue of this thesis is to test whether hydrodynamic models sup- 
port the Mach-cone hypothesis. A crucial ingredient is the mechanism of energy 
and momentum loss by the jet which will be addressed in chapter |6] 

5.2 The Influence of Radial Flow 

The medium created in a heavy-ion collision, through which the jet propagates 
probably exciting sound waves, expands rapidly. Consequently, there will be a 
strong flow (wfiow) relative to the velocity of the jet that certainly influences its 
propagation, the interference pattern of the sound waves, and hence the Mach cone 
angle. It was shown in Ref. II170I that a background flow parallel to the velocity 
of the jet (wflowll^^jet) leads to a narrowing of the Mach angle in the center-of-mass 
frame which has a purely relativistic origin. Fig. 15.31 depicts this change in the 
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Figure 5.3 

The change in the Mach angle as a function of the background flow i'aow = u/c for 
hadronic matter = 1 /5, an ideal gas = 1/3 and a strongly coupled QGP (sQGP) 
with c2 = 2/3 ifTTOl. 



Mach angle for different flow velocities and various EoS. It illustrates that a larger 
background flow results in a smaller Mach angle. However, assuming e.g. an ideal 
gas EoS and estimating the background flow to be of the order of the speed of 
sound, Cs ~ 0.57, the change of the Mach cone angle is rather small. 
Obviously, it is very unlikely that a jet propagates collinearly with the flow. If 
the background flow has a transverse component w.r.t. the velocity of the jet, this 




Figure 5.4 

Sketch of the deformation of Mach cones in an expanding medium (solid lines). The thick 
arrows denote the trigger jets and the expected Mach-cone angles in a static medium are 
shown by dashed lines II170I . 
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should cause a deformation of the Mach cone as displayed in Fig. 15.41 Unfortu- 
nately, the derivation of a general solution for the deflected Mach cone angle is far 
from trivial. A qualitative discussion of this effect is given in appendix IHl 
Moreover, one always has to consider that the experimentally measured particle 
distributions sample over many events. As can be seen from Fig. I5.4[ the radial 
expansion of the fireball should lead to a broadening of the measured cone angles 
when averaging over the different possible jet trajectories. However, this effect 
might get diminished due to the momentum spread of the initial parton distribution 
(as shown in Fig. 12.41 ) which leads to a systematic enw in determining the relative 
azimuthal angle A0. 

Nevertheless, it is necessary to investigate the deformation of Mach cones applying 
full (3 + l)-dimensional hydrodynamical simulations in order to prove the interac- 
tion of jet and background flow and to study its impact on the particle distributions. 



Chapter 6 

Jet-Energy Loss 



A fast moving particle interacts with the medium it traverses, losing energy. In 
general, the mechanisms by which this energy is lost as well as the amount of en- 
ergy deposited depends on the particle characteristics and on the matter properties. 
Considering certain kinds of particles, this provides fundamental information about 
the medium itself. 

Therefore, such jet-medium interactions are significant for the study of a jet mov- 
ing through a plasma and its impact on the measured particle distributions. In the 
following, we discuss different mechanisms that were developed to describe the 
energy, but not the momentum loss of partons within the QGP. Here, we focus on 
models based on QCD. The next chapter provides a detailed introduction to the ap- 
proach obtained by the gauge/string duality, the AdS/CFT correspondence, which 
can also be used to investigate jet energy loss. 

The crucial ingredient to study the propagation of jets in heavy-ion collision is the 
source term describing the energy and momentum that is lost by the hard probes 
and thermalizes in the medium. Those source terms will be discussed in the subse- 
quent sections. 

6.1 In-medium Energy Loss 

In the most general case, the total energy loss of a particle moving through a 
medium is the sum of 

• CoUisional energy loss through elastic scatterings with the medium con- 
stituents and 

• Radiative energy loss via inelastic scatterings in the medium, determined 
by the corresponding Bremsstrahlung spectrum. 

For incoherent scatterings, the total energy loss is given by AE'*°* = N ■ 
^^iscat^ where = L/£mfp is the opacit>[l] with L being the characteristic 
length of the medium and ^mfp the mean-free path. Thus, the energy loss per 
unit length, also called stopping power, is given by 



dE 

dx 



dE _ (A^i'^^^t) _ (A^;) 



(6.1) 




The opacity describes the number of scattering centers in a medium of thickness L. 
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Figure 6.1 

The stopping power, i.e., the energy loss per unit length dE/dx, for muons in copper as a 
function of /?7 = p/Mc ifTSOl . 



Usually, this quantity is provided with a minus sign demonstrating that the 
particle has lost energy. Since we will not consider the energy that is lost by 
the jet in our hydrodynamic simulations, but rather the energy that is given 
by the jet to the medium, we will assign a positive sign to dE/dx. 
The radiative energy loss itself depends on the thickness of the plasma. For 
a thin medium (L ^ ^mfp)> the traversing particle suffers at most one sin- 
gle scattering. This limit is called the Bethe-Heitler (BH) regime. For thick 
media (L » ^mfp) however, the multiple scattering reduces the amount of 
radiation, an effect called Landau-Pomeranchuk-Migdal (LPM) effecH. 
Moreover, the total amount of radiation emitted from a heavy quark is sup- 
pressed at angles smaller than the ratio of the quark mass M to its energy E 
(9 = M/E). This dead cone effect lISTTl leads to a damping of emission by a 
factor of m'jj/M'^. 

As shown in Fig. 16.11 which displays the energy loss of a muon in copper, the 
collisional (Bethe-Bloch) energy loss dominates at low energies, while at high 
energies the radiative loss increases linearly and dominates over the logarithmic 
growth of the collisional energy loss. 

However, this behaviour strongly depends on the properties of the medium as well 
as on the kinematic region considered. Therefore, it is not possible to universally 
determine the dominant energy-loss mechanism. 

For a long time, it was assumed that the main contribution at high energies results 
from radiative energy loss. While this appears to be coiTcct for light quarks, a 
proper prescription of heavy quark energy loss seems to require both, collisional 
and radiative energy loss II181II . see Fig. 16.21 

All medium modifications are often encoded in the transport coefficient, the so- 



^The LPM effect, originally deduced from photon emission 11791 , describes the fact that multiple 
scattering/interaction causes destructive interference which suppresses the radiative spectrum. 



6.2 Mechanisms of Jet Energy Loss from QCD 
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Figure 6.2 

Collisional (elastic) and radiative energy loss of light quarks (left panel) 118211 as well as 
light and heavy quarks (right panel) 11811 passing through a medium produced in central 
Au+Au collisions at RHIC. 



called g-parameter, characterizing a fundamental quantity of QCD that is defined 
as the average transverse momentum squared transfeiTcd per unit path length, 

^mfp (-mip 

where the Debye mass = gT describes the lowest momentum exchange with 
the medium. The values of this transport coefficient vary for the various ap- 
proaches reviewed below, q 5 — 25 GeV^/fm, exhibiting a large uncertainty 
when comparing to experimental data lll83[|184Tll85i For a comparison of differ- 
ent g-parameters to experimental data see Fig. 16.31 Consequently, the TECHQM 
program II186I1 has agreed upon a systematic study of the different mechanisms to 
clarify the ambiguities concerning the various approaches as well as the physical 
processes during a jet-medium interaction. 

The explicit expressions for the collisional and radiative energy loss depend on the 
nature of the projectile via the colour factor Cr, which is the quadratic Casimir of 
the respective representation. 




_ 1 — 2N ~ 3 fundamental representation for quarks , ^-j 
^ " adjoint representation for gluons , 

implying that Ca/Cf = 9/4. Therefore, a gluon jet loses roughly twice the energy 
of a quark jet and exhibits a larger hadron multiplicity. 



6.2 Mechanisms of Jet Energy Loss from QCD 

Four major phenomenological approaches (often identified with the initials of their 
authors) have been developed to connect the QCD energy loss calculations with 
the experimental observables. Those are 
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Figure 6.3 

Raa measured for central Au+Au collisions at \/sj^jy = 200 GeV and compared to 
model calculations for varying values of the g-parameter, based on Ref. 11831 . 



The GL\11 approach ifTSTll . nowadays also known as DGL\0 ifTSSll . cal- 
culates the parton energy loss in a dense deconfined medium consisting 
of almost static (i.e. heavy) scattering centers which produce a screened 
(Yukawa) potential. A single hard radiation spectrum is expanded to account 
for gluon emission from multiple scatterings via a recursive diagrammatic 
procedure. This allows to determine the gluon distribution to finite order in 
opacity. 

The BDMPSI scheme |[T89l[T90l . similarily estabhshed by Zakharov ifMl 



and used in the ASA^I^ II192II procedure, calculates the energy loss in a co- 
loured medium for a hard parton interacting with various scattering centers 
that splits into an outgoing parton as well as a radiated gluon. The prop- 
agation of these partons and gluons are expressed using Green's functions 
which are obtained by path integrals over the fields. Finally, a complex ana- 
lytical expression for the radiated gluon distribution function is obtained as 
a function of the transport coefficient q. 

The Higher Twist (HT) approximation 111931 II 941 describes the multiple 
scattering of a paiton as power corrections to the leading-twist cross sec- 
tion. These corrections are enhanced by the medium length L and suppressed 
by the power of the hard scale Q^. Originally, this scheme was applied to 
calculate the medium corrections to the total cross section in nuclear- deep- 
inelastic electron-i-nucleon scatterings. 



^ Gyulassy-Levai-Vitev 
''Djordjevic-Gyulassy-Levai-Vitev 
^Baier-Dokshitzer-Miiller-Peigne-Schiffer 
^Armesto-Salgado-Wiedemann 



6.3 First Studies of Jet-Energy Transfer to the Medium 
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Figure 6.4 

Nuclear modification factor Raa for high-pT pions in central (upper panel) and 
semi-central (lower panel) Au+Au collisions at RHIC, compared to AMY, HT and ASW 
energy loss calculations 11971 . 



• The AMyI^ II195II approach describes the parton energy loss in a hot equili- 
brated QGP. Multiple scatterings of the partons and their radiated gluons are 
combined to determine the leading-order gluon radiation rate. 

For a detailed review see e.g. Ref. ||196i All four schemes have made success- 
ful comparisons to the available data when tuning one distinct model parameter 
which is the initial gluon density in the GLV approach, the g-parameter for the 
BDMPS/ASW scheme, the initial energy loss in the HT approximation and the 
temperature in the AMY procedure. However, all approaches are based on certain 
model assumptions, limiting their scope of application (see Ref. 155111961 ). 
The quantitative consistency of the different schemes has been investigated within a 
3-dimensional hydrodynamical approch (see Fig. 16.41) II 19711 using the same space- 
time evolution. Recently, the nuclear modification factor was also studied using a 
pQCD-based parton cascade including radiative processes 111981 . 
However, while those energy-loss mechanisms predict the amount of energy lost 
to the medium, expressed e.g. by the transport coefficient q, they do not adress the 
question how the energy and momentum deposited by the jet affect the medium. 
First calculations of a medium response were presented in Ref. |[83ll . applying a 
schematic source and linearized hydrodynamics as will briefly be reviewed below. 
A source term expected from a parton moving through the QCD plasma was re- 
cently derived by Neufeld et al. 111991 . see section [631 



6.3 First Studies of Jet-Energy Transfer to the Medium 

Casalderrey-Solana et al. ll83l 1 17 1112001 first examined the problem of where the 
energy of the quenched jets is transferred to. They did not focus on the calculation 
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Figure 6.5 

Azimuthal particle distributions for non-isentropic (left panel) and isentropic (right panel) 
excitations ||200J . The solid black line in the left panel represents an energy loss of 
dE/dx = 12.6 GeV/fm, while the red dashed line is obtained for dE/dx = 2 GeV/fm. In 
the right panel this energy loss is fixed to dE/dx = 12.6 GeV/fm and the differenc curves 
represent the various py-cuts of 0.2 < < 1 (solid black line), 1 < pt < 2 (dashed red 
line), 2 < < 3 (dotted green line) and 3 < pt < 4 (dashed-dotted blue line). 



of the amount of energy deposited to the medium, but rather on the evolution of 
(some) re-distributed energy and momentum. 

Their work is based on two major assumptions. First, they consider a di-jet pair that 
is created back-to-back close to the surface of the medium. While one jet (the trig- 
ger jet) escapes, the other one penetrates the plasma. Second, they assume that the 
energy and momentum density deposited by the jet (into a homogeneous medium 
at rest) is a small perturbation compared to the total amount of energy stored in the 
medium which allows to use linearized hydrodynamics. 

In such a linearized form, the hydrodynamic equations decouple, and with the def- 
inition of ^ = gi{k/k) + qt for the momentum density, including the longitudinal 
(L) and transversal part (T), those equations can be written as 

dte + ikgi = 0, (6.4) 

dtQL + ic'ike + ^ — ^ — A:V = 0, (6.5) 

dtgr + ^^k^gr = 0. (6.6) 

Here, Cs denotes the speed of sound and rj the viscosity of the medium. Certainly, 
this ansatz breaks down close to the jet (as will be discussed later in detail), a re- 
gion that is not describable with this approach. 

To adress the issue of matter excitation which is unknown in detail since the inter- 
action and thermalization processes of the lost energy are unclear; they studied two 
different scenarios l[83l [TtTI l200ll : 

• Local energy and momentum distribution (modelled by Gauss functions) 
along the path of the jet propagating through the medium (non-isentropic 
excitation), 

• excitation of sound waves due to gradients in the momentum distribution, 
but vanishing energy deposition (isentropic excitation). 
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Performing an isochronous Cooper-Frye freeze-out, they obtained the particle dis- 
tributions of Fig. 16.51 Those figures clearly show that in case of energy and mo- 
mentum deposition (see left panel of Fig. l6.5l) . independent of the amount of energy 
loss (which are displayed for dE/dx = 2 GeV/fm and dE/dx = 12.6 GeV/fm), a 
peak occurs in the direction of the jet moving through the plasma (which is located 
here at A0 = vr). However, the excitation of sound waves in the second deposition 
scenario (see right panel of Fig. 16.51 ) leads to a conical structure as anticipated from 
an interference pattern of sound waves (see chapter [51 especially Fig. 15.2b . though 
a large dE / dx has to be chosen to observe the effect. Moreover, the peaks obtained 
on the away-side get more pronounced for larger values of the applied p^-cuts. 
Energy and momentum loss (left panel of Fig. 16.51 ) do not result in a conical struc- 
ture. The momentum deposited causes additional "kicks" in direction of the mov- 
ing jet, forming a strong flow behind the jet |[83l . named the diffusion wake. Given 
that a Cooper-Frye freeze-out is mainly flow driven, cf. Eq. (13.431 ). a peak occurs 
in the direction of jet motion. It has to be stressed that the energy loss described 
in this scenario leads by itself to the formation of sound waves the interference 
pattern of which results in a concial structure. However, this structure is not seen 
in the freeze-out patterns since the flow due to the momentum distribution super- 
imposes and dominates the particle distributions. Thus, the deposition of energy 
and momentum results in a peak in jet-direction. This is expUcitly shown in Figs. 
OandIO 

The location of the conical peaks in the second scenario (see right panel of Fig. 16.51 ) 
is in good agreement with the experimental data (presented in chapter O showing 
away-side peaks at vr it 1.1 rad. This suggested to conclude that the second scenario 
describes the data and reveals some insights into the excitation mechanism. Cer- 
tainly, one has to keep in mind that the whole approach, though very instructive, 
is an appoximation and it will turn out (as we demonstrate in chapter [TTI) that the 
second scenario eventually has to be ruled out. 

Beyond the question of energy deposition, the linearized hydrodynamic appoxima- 
tion offers the advantage that the propagation of sound waves can be traced back 
to Eq. (16.51 ). while Eq. (16.61 ) describes the diffusive component. Remarkably, the 
viscous terms in both equations are of the same order. Thus, dissipative corrections 
will have about the same effects on both, sound waves and diffusion wake. There- 
fore, the interplay between both effects does not change in viscous media. 
Similar findings about the impact of a jet moving through an expanding medium 
were shown in Ref. II1721 12011, 12021 . Chaudhuri and Heinz demonstrated that, us- 
ing (2 + 1) -dimensional ideal hydrodynamics, the particle correlations obtained 
from a jet depositing the same amount of energy and momentum, do not lead to 
a double-peaked structure on the away-side 11201 H . Renk and Ruppert, however 
II172I . reproduced the measured data when assuming that a certain fraction of en- 
ergy is transferred into the sound modes while the remaining (smaller amount of) 
energy is released into the diffusion wake. 
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Figure 6.6 

Mean transverse momentum {pt) of associated hadrons for different trigger-p^'s of 
= 4 — 6 GeV and = 6 — 10 GeV as a function of centrality lISSll . 



6.4 Jet Energy Loss in Hydrodynamics 

Each parton propagating through a medium, depositing energy (and momentum), 
acts as a source to the medium. It is not clear from first principles that the energy 
lost quickly thermalizes and therefore can be incorporated into a hydrodynamic 
description, as it was done above. However, a measurement |[88l proved that the 
average momentum of particles emitted on the same side as the jet that passes 
through the medium approaches the value of a thermalized medium with decreas- 
ing impact parameter, see Fig. 16.61 Thus, a hydrodynamical prescription seems to 
be justified and a source term can be added to the equations for energy and mo- 
mentum conservation [cf. Eq. (13.11) 1 

^^T^"' = r. (6.7) 

This source term J'^ is not the source term of the jet, but the residue of energy and 
momentum given by the jet to the medium. The source term that correctly depicts 
the interaction of the jet with the QGP is under current investigation using the two 
completely independent and different approaches of pQCD and AdS/CFT. Both 
source terms will be introduced below and their impact will be studied in part Hill 
However, before implementing a rather complicated source term into a hydrody- 
namic algorithm, it might be instructive to first consider a schematic source term 
that describes the energy and momentum deposition of the jet along a trajectory 

x'^(r) = x^ + nf^tT, (6.8) 

where Xq denotes the formation point and uj^^. = (7jeti 7jct^^jet) the 4- velocity of 
the jet. Such a source term is given by 



dr 



(6.9) 
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Figure 6.7 

Perturbed energy (left) and momentum (right) densities for a gluon moving with a velocity 
of u = 0.99955 along the positive z-axis of a QCD medium with rj/s = 0.13 |1991. 



with the energy and momentum loss rate dM'^ /dr, the proper time interval rj — 
Ti associated with the jet evolution and the location of the jet Xjct(T). Certainly 
this source term comprises a significant simplification of the ongoing processes. 
Nevertheless, as will be demonstrated in part|llll it correctly depicts the behaviour 
of the particle correlations compared to those obtained e.g. from the pQCD source 
term introduced in the following section. 



6.5 A pQCD Source Term 

The first investigations about the medium response to the passage of a fast parton 
were based on schematic source terms (see above), mainly representing the moving 
jet as a 5-function. Recently, Neufeld et al. II1991 1203 II derived a source term for 
a supersonic parton popagating through a QCD plasma. Their approach considers 
the fast parton as a source of an external color field that can be described via pertur- 
bative QCD applying a collisionless Boltzmann equation. For a system of partons 
in an external color field, described by the distribution f{x,p,t), this Boltzmann 
equation is defined as 112041 

— + |-V^.- VpiAj(p,t)Vpjj = 0, (6.10) 

where p/ E is the velocity of a parton with momentum p and energy E. Here, 
Dij{p,t) = j'^^dt' Fi{x,t)Fj{x' ,t') describes the integral over Lorentz forces 

Fi{x, t) = gQ^it) Ef{x, t) + {vx B)f{x, t) [gQ^'it) denotes the charge] on a 
medium particle caused by the moving parton, acting until a certain time t. These 
Lorentz forces are considered to lowest order in the coupling constant g. 
Since the equations for energy and momentum conservation can be derived from 
the second moment of the Boltzmann equation p'^d^f{p, t) = (see appendix iDl). 
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Figure 6.8 

Perturbed momentum density for different values of the shear viscosity to entropy ratio, 
77/s = 1/(4^), 3/(47r), 6/(4^) una. 



the source term can be defined as 

dp 



r = 



(2vr)^ 



p''[Vp^Dij{p,t)Vpjfix,p,t)] . 



(6.11) 



Omitting dielectric screening and assuming an energy as well as momentum de- 
position of a parton with constant velocity u = ucz at a position x = utCz, this 
source term is evaluated to be II203II 



r{p,z,t) = \j\p,z,t),uj\p,z,t)-r{p,z,t) 

where p = x"^ + y"^ denotes the transverse component and 

J°{p,z,t) = d{p,z,t)ju^ 



(6.12) 



z'i + 



z^ + 



jup 



p2 + ^2 



(6.13) 



rip,z,t) 



{x — ut) 



asQpmf) 
87r(z2 + p2)2 



+ {zij' + p') [2zi + {u' + 2)!^ 

(2^72 + p2)2 



2uz^ 



(6.14) 



with the abbrevation z- = {z — ut), Og = (7^/(47r), the Casimir operator Qp [see 
Eq. (16.31 )1 and the function d{p, z, t) 



d{p,z,t) 



87r[p^ +-f^{z-utff/^ 



(6.15) 



It exhibits a singularity at the point of the jet. Thus, an ultraviolet cut-off is needed 
which was chosen to be pmin = 1/ (2y^£'pT) in Ref. 112031 . where Ep denotes the 
energy of the fast parton. An infraread cut-off, however, is given by Pmax = 1 /"id ■ 
Neufeld et al. 1 1 99,1 applied, as Casalderrey-Solana et al. (cf. section 16.31 ). lin- 
earized hydrodynamics (including viscous terms) to solve Eqs. (16.71 ). Since the 
equations decouple in the linearized approach, it allows to separately display the 
perturbed energy and momentum distributions, excited by a gluon which moves 
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Figure 6.9 

Schematic representation of the different regions associated with a jet event. 

with a velocity of u = 0.99955 along the positive z-axis through a QCD medium 
(see Fig. 16.71 ). While the energy density features the shape of a Mach cone, whose 
intensity is peaked close to the source, the momentum density additionally shows 
a distinct maximum along the positive z-axis. Plotting the momentum density (see 
Fig. 16.81 ). it becomes obvious that this maximum is due to a strong flow created 
along the trajectory of the jet. Again, like in the scenario studied by CasaldeiTcy- 
Solana et al. |[83l applying a schematic source term, this flow is due to the momen- 
tum deposition J' of the jet. Therefore, the momentum density resulting from the 
pQCD source term also displays a diffusion wake. 

Moreover, Fig. l6.8l illustrates that this diffusion wake gets broader for larger values 
of the shear viscosity to entropy ratio r]/s. Similarly, the intensity of the Mach 
cone decreases. 

Recently, a calculation carried out in the Higher Twist (HT) formalism, including 
elastic energy loss, for a virtual jet propagating through a medium 11206 II showed 
that a Mach-cone structure is formed as well, when plotting the energy-density per- 
turbation. 

However, in physical systems the amount of energy and momentum deposited by 
a propagating jet may be too large to consider them as small perturbations and 
thus it might not be appropriate to use linearized hydrodynamics. In particular, as 
Fig. |6.9| reveals. the source itself (which needs a special treatment since it is non- 
thermalized) as well as the so-called head and neck regions (close to the position of 
the jet, discussed in detail in the next chapters) are not incorporated in a description 
applying linearized hydrodynamics. Therefore, something more sophisticated is 
needed for a coiTcct prescription of the ongoing processes in heavy-ion collisions. 
In partlnl we use a (3 + 1) -dimensional hydrodynamical approach to describe the 
propagation of a jet through a medium in local thermodynamical equilibrium. 



Chapter 7 



From String to Field Theory: 
The AdS/CFT Correspondence 

Nature, as presently understood, can be described using quantum field theories 
like QCD. These theories are able to explain experiments at observable distances. 
However, it is very likely that at extremely short distances or equivalently at high 
energies (i.e., at the order of the Planck scal^ll) the effect of gravity, which is in 
general not included in quantum field theories, will become important. 
Nevertheless, it is possible to include quantum gravity in a consistent quantum 
theory by assuming that the fundamental particles are not point-like, but extended 
objects, strings II207II . 

Depending on their state of oscillation, strings are able to give rise to different 
kinds of particles and they are able to interact. String theory can only be defined 
in a certain number of dimensions and geometries. For a flat space, it can only 
exist in 10 dimensions 11208 1 . Such a 10-dimensional theory describes strings with 
fermionic excitations and gives rise to a supersymmetric theory. It is a candidate 
for a quantum theory of gravity II208II since it predicted massless spin 2 particles, 
gravitons. 

Originally, string theory was developed in the 1960's to describe the large number 
of mesons that were found experimentally at that time, a characteristic feature of 
the hadron spectrum. It was derived to describe the dynamics of mesons propagat- 
ing in space-time, but later on it was discovered that the strong interaction is very 
successfully described by the gauge theory QCD. 

QCD exhibits the feature of asymptotic freedom, i.e., its effective coupling constant 
decreases with increasing energy. At low energies it becomes strongly coupled, so 
that perturbation theory is no longer valid, complicating any analytic calculations. 
Lattice gauge theory seems to be the best available tool in this energy range. 
It was 'tHooft II209II who suggested that QCD is simpler in the limit of an infinite 
number of colors, Nc — > oo. Subsequently, this would allow for an expansion in 
l/Nc = 1/3. Since a diagrammatic expansion of QCD indicates that in the large 
A'c-limit QCD is a weakly interacting string theory, this A'^c ^ oo limit might con- 
nect gauge and string theories. 

'The Planck scale is an energy scale at which gravity becomes strong. It is characterized by the 
Planck length hi = 10"^^ m and by the Planck mass mpi = ^Jhc/G ~ 1 • 10^^ GeV/c^ which 
may be defined as the mass for which the Compton wavelength of a particle A = h/[Mc) equals its 
Schwarzschild radius Ts = {GM)/(?. 
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Thus, there may be a correspondence between the large A'^c-limit of field theories 
and string theories which is rather general. 

In particular, it was shown by Maldacena II210[ 12111 1212II that there is a coitc- 
spondence between a supersymmetric SU{Nc) (non-Abelian, i.e., Yang-Mills) 
conformal field theorjH in 4 dimensions (Af = 4) which has a constant cou- 
phng of g^^j/{47r) = ~ l/^^c (A = Qym^c, 9s is the string couphng) 
and a 10-dimensional string theory on the product space AdS^ x S^. The (5- 
dimensional) Anti-de-Sitter space {AdS^) is the space which chai^acterizes the 
maximally symmetric solution of Einstein's equations with negative curvature. In 
general, the strings are propagating in a curved 10-dimensional background of the 
form AdS^ x where has to be a compact curved Einstin space. The sim- 
plest example is when X^ is a 5-sphere II213I . The conjecture is remarkable in 
a sense that it relates a 10-dimensional theory of gravity to a 4-dimensional theory 
without gravity, which is defined at the boundary of the AdS^ space. This is a re- 



alization of the so-called holographic principlJu- For a review, see e.g. Ref. 112081 . 
The advantage of this AdS/CFT correspondence is that it offers direct access to the 
strong-coupling region. Since the gauge theory has a coupling constant of A, which 
is connected to the coupling constant of the gravitational theory a' / (with R be- 
ing the radius of the AdS space and a' ~ /p^) by the relation \/A = R^ /a' , the 
conjecture relates either a weakly coupled gauge theory with a strongly coupled 
string theory or vice versa. 

Moreover, nonzero temperatures can be studied by introducing a black-hole hori- 
zon. This allows for an extraction of transport coefficients, such as viscosity (dis- 
cussed below) and heat diffusion. However, there is yet no dual for QCD itself and 
most calculations performed using the AdS/CFT correspondence are only done to 
leading order in the limit of strong (i.e., infinite) coupling. 

Hence, there is a caveat in applying the AdS/CFT duality to study properties of 
QCD, especially to describe experimental observables of heavy-ion collisions. One 
has to be aware of the fact that string theory is compared to a gauge theory with a 
constant coupling and that the duality for an infinite numbers of colors is already 
applicable in the case of = 3, as in QCD. 



Hard probes are an excellent tool to study the matter created in a heavy-ion col- 
lision since their rate of energy and momentum deposition and their interactions 
with the medium allow for conclusions about the properties of the plasma formed. 
At weak coupling, the energy loss of both light and heavy quarks can be well 
described using perturbative QCD (pQCD). However, in the regime of strong cou- 
pling, so far no reliable theoretical descriptions are available, but the AdS/CFT 
correspondence introduced above may offer some guidance. 

^Conformal theories are invariant under conformal transformations, i.e., dilatation (scale invari- 
ance), inversion and so-called special conformal transformations. QCD is not a conformal invariant 
theory since there is a scale in the theory, Aqcd ~ 0.2 GeV, and its coupling constant is runs. 

^In a theory of quantum gravity the holographic principle states that all physics in some volume 
can be thought of as encoded on the boundary of that region, which should contain at most one degree 
of freedom per Planck area 12081 . 
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Figure 7.1 

A schematic picture of a moving quark using the AdS/CFT correspondence. A string 
trails the jet that is moving at the boundary of the 5-dimensional ^(iS'5-Schwarzschild 
space ESI- 

Usually the investigation of hard probes using AdS/CFT is more complicated for 
light P214'| than for heavy quarks. The problem of a heavy quark moving at a 
constant speed through a strongly coupled, nonzero temperature = 4 Super- 
Yang-Mills (SYM) medium can be analyzed by considering metric fluctuations 
due to a string hanging down from the boundary of an AdSs-Schwarzschild back- 
ground geometry Il215[|217ll218l . see Fig. 17. II Here, it is assumed that the quark 
has been moving since t — > —00, thus it is a steady state solution. 
This model is also called the trailing string. The heavy quark can be seen as a 
hard probe if its mass is sufficiently lai^ge compared to the temperature of the back- 
ground. To be precise the mass has to be larger than the typical scale of the medium, 
thus M mo = gT for pQCD and M > ^/\T for an 7\A = 4 SYM theory. 
Energy and momentum flow down the string at a constant rate, corresponding to 
the re-distribution of energy along the string. As a consequence of this energy loss, 
due to the drag (i.e., fluid resistance) force of the pasma, it is necessary to include 
background electric fields on the brane in order to ensure the constant velocity of 
the quark. Alternatively, it can be assumed that the quark is infinitely heavy so 
that it maintains its velocity despite the energy loss. The trailing string provides a 
source term for the Einstein equations that can be solved to obtain the full energy- 
momentum tensor in the wake of the jet. 

An example of the formidable analytical power of AdS/CFT calculations was given 
by Yarom in Ref. 112 191 (see also Ref. II220I ). The total energy-momentum tensor 
describing the near-quark region in the laboratory frame [for cylindrical coordi- 
nates = {t,xi,r,9) quoted in dimensionless units, thus devided by vrT] is 
determined to be 



where Pq = is the pressure of the ideal Super-Yang-Mills (SYM) 

plasma 1122 11 and ^ = The explicit form of AT^^^, (which scales as 

with the distance x from the quark) is 




Podiag{3,l,l,r2 



(7.1) 



ATu 



a 



V 



[r2(-5 + 13f 2 - 8v^) + (-5 + llv^)xl] xi 



72 [r2(l-^;2) + x2] 



72 



7 From String to Field Theory: The AdS/CFT Correspondence 
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72 [r2(l-t;2)+2;2 



5/2 



Ar,, = -a ^ ^^^-^'^"\^3/2 ^ (7-2) 

9p(l_^2)+3.2j3/2 



with a = ^^/XT'^. However, it was assumed throughout the derivation of Eq. (17.11) 
that the metric disturbances caused by the moving string are small in comparison to 
the AdSr:) background metric, resulting in the condition that AT^j, < 1. Apply- 
ing this approach to heavy-ion collisions with a proper choice of Nc, A, and 7 11222 H 
leads to a condition about the minimum distance from the quark where the above 
result is applicable. This energy-momentum tensor is the full non-equilibrium re- 
sult in the strong-coupling limit and not just a solution of the hydrodynamic equa- 
tions. 

However, it is important to mention that up until now the experimentally measured 
particle distributions, see chapter |2l ai^e obtained by triggering on light quark and 
gluon jets. Thus, the calculations for heavy quark jets based on AdS/CFT have to 
be considered as a prediction. 

Moreover, an idealized scenario is assumed in that context in which the probe trav- 
els through an infinitely extended, spatially uniform plasma. Though this is an 
approximation, it is always advisable to first investigate an idealized condition. 
The resulting properties can be included into hydrodynamic models or they can (as 
will be shown in chapter [TOl) be compared to pQCD calculations for jet energy loss. 



7.2 Shear Viscosity from the AdS/CFT Correspondence 

One of the most appealing properties of the AdS/CFT correspondence is that it re- 
flects the hydrodyamic behaviour of field theories. Thus, it was possible to extract 
the shear viscosity to entropy ratio which was shown to be II223II 

11 1 

- > -T- (7.3) 

s 47r 

This limit is supposed to be universal for all theories including gravitational duals 
in the supergravity limit {Nc — > 00 and A = Qyj^iNc — > 00) II2241 12251 and implies 
that a fluid of a given volume and entropy density cannot be a perfect liquid (with 
vanishing viscosity). It means that in all theories with gravity duals, even in the 
limit of an infinite coupling, is larger than ~ 0.08. 
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Figure 7.2 

The fractional energy density perturbation (left panel) and the field of the local Knudsen 
number (right panel) for the disturbance caused by a heavy quark jet as calculated from 
the total energy-momentum tensor describing the near-quark region using the AdS/CFT 
correspondence II219I . taken from 123011 . 



This result is especially interesting because it was shown by calculations based on 
pQCD H6l and by comparison of elliptic flow measurements to theoretical predic- 
tions II 12211 that the medium created in a heavy-ion collision can be well described 
by a fluid with a small -q/ s ratio (depending on initial conditions, < r//s^ 0.2). 
This range is clearly consistent with the value ofrj/ s calculated from the AdS/CFT 
correspondence. It was shown that within Gauss-Bonnet theory higher order deriva- 
tives may lead to a shear viscosity to entropy ratio of 112261 12271 12281 

r? 16 / 1 \ 

; s 25 U) 

smaller than conjectured by the Kovtun-Starinets-Son viscosity bound. 



7.3 Comparison of AdS/CFT to Hydrodynamics 

The disturbances in the fluid caused by a moving jet are expected to behave hydro- 
dynamically in the region sufficiently far from the present position of the jet {far 
zone). Close to the jet (in the so-called near zone) these disturbances should be 
large and thus hydrodynamics is supposed to break down. 

In fluid dynamics, the Knudsen number K is defined as the ratio between the mean- 
free path and the characteristic macroscopic length of the system [see Eq. (14.351 )1. 
Hydrodynamics is applicable when K <sCl. 

In conformal field theories at nonzero temperatures, the only dimensionful param- 
eter is given by the temperature T and, thus, both the mean-free path and the char- 
acteristic length should be proportional to 1/T. However, the mean-free path is 
not a well-defined quantity in = 4 Super-Yang-Mills (SYM) theories for very 
strong coupling. Nevertheless, one can still establish an effective Knudsen field 
(that is well defined in the supergravity limit) in terms of the sound attenuation (or 
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Figure 7.3 

Energy and momentum (Poynting vector) distribution calculated for a jet moving with 
V = 0.75 using the AdS/CFT correspondence. A Mach cone angle with 0m ^ 50° is 
visible in both patterns, however, a strong flow along the trajectory of the jet (diffusion 
wake) is also visible in the right plot II232I . 

absoi-ption) length T = l/SvrT and the Poynting vectoi0 = T^* ll229l 
V- 5 



Kn 



S 



(7.5) 



As Fig. l7.2l shows. for a jet moving with v = 0.9, the region characterized by a large 
energy perturbation of Ae/egYM > 0.3 [computed from the energy-momentum 
tensor given above, see Eq. (17.11 )1 coiTcsponds approximately with the locus de- 
fined by the local Knudsen number of Kn > 1/3. Therefore, it was argued in 
Refs. II230[ 123111 that for Kn > 1/3 the system can no longer be described by 
linearized first-oder Navier-Stokes hydrodynamics. A direct comparison of the to- 
tal energy-momentum tensor describing the near-zone energy-momentum tensor of 
Ref. 112 191 [cf. see again Eq. (17.11) 1 and a first-order Navier-Stokes ansatz showed 
11229 1 that a hydrodynamic description of the disturbances caused by the heavy 
quark is valid down to distances of about 1 /T from the heavy quark. Later on, we 
will use the condition for applicability of hydrodynamics (Kn < 1/3) to analyze 
AdS/CFT results. 



7.4 Mach-Cone-like Correlations in AdS/CFT 

The propagation of a supersonic jet through a fluid, associated with energy depo- 
sition, is supposed to lead to the creation of Mach cones (see chapter [5]). Since, as 
discussed above, the far zone of the jet can be described using hydrodynamics, the 
question arises if Mach-cone formation also emerges when calculating the distur- 
bance of the medium due to a jet moving faster than the speed of sounci^ applying 
the AdS/CFT correspondence. 

In Ref. II232I (see Fig. l7.3l) . it was demonstrated that using the gauge/string duality, 
the perturbation of the energy (left panel of Fig. 17.31 ) and momentum distributions 



''The Poynting vector represents the energy flux vector of electromagnetic energy. 
^In A/" = 4 Super- Yang-Mills (SYM) theory the speed of sound is Cs = 1/ V3. 
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Figure 7.4 

The Poynting vector distribution (the magnitude of 1 5*1 is color-coded with red indicating 
a large and white zero magnitude) calculated from the gauge/string duality 023 31 . The 
green dashed line indicates the Mach cone while the solid blue line estimates where the 
diffusion- wake profile reaches half of its maximal value. 



(often also referred to as Poynting- vector distribution, right panel of Fig. 17.31 ) result 
in a sonic disturbance leading to a shock front with a characteristic opening angle 
[see Eq. (15.31 )1 which therefore can be identified with as Mach cone. The same was 
also shown in Ref. II233II . however it was stressed in this publication that a strong 
flow is created behind the jet which is called the diffusion wake (see Fig. 17.41 ). The 
impact of this diffusion wake will be discussed in detail in chapter [8] 
Those energy and momentum distribution patterns cannot directly be compared to 
the particle correlations obtained from experiment. Thus, it is necessary to perform 
a convolution into particles. However, a conical signal based on a hydrodynamic 
perturbation may be washed out by thermal smearing once the system breaks up 
into particles. Hence, it might also be possible that a detectable Mach-cone-like 
signal could come from the region where the linearized hydrodynamical approx- 
imation is not valid. It was shown in Ref. II2301 123 111 that a region close to the 
location of the jet, the so-called neck zone (see the framed area in Fig. 17.51 ) reveals 
a strong transverse component that leads to a double-peaked structure in the calcu- 
lated two-particle distribution (see Fig. 17.61 ). 

The energy-momentum tensor that was used in this investigation and describes 
both the near and the far-zone was computed by Gubser, Yarum, and Pufu in Ref. 
112331 for a jet moving with v = 0.9, applying the string-drag model. Plotting 
the energy-density perturbation Ae/esYM (cf. Fig. 17.51 ). different regions may be 
introduced: 

• The Mach cone, indicated by the dashed magenta line, 

• the diffusion zone below that line, characterized by the strong flow along the 
jet axis (.xi-axis in Fig. 17.51 ). 

• the neck zone (denoted by the box in Fig. 17.51 ). specified by the condition 
that Ae/esYM > 0.3, 
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• the head zone which is an inner region of the neck aretj^ very close to the 
location of the jet. 

In the supergravity limit the energy-momentum tensor can be decomposed accord- 
ingly (into the string-drag zones) 

r^^(t,x) = Ti;^{t,x) + 6TZ.,{t,x) + 6TZ,{t,x)+STZ^,{t,x). (7.6) 

Here, xi = x — vt denotes the direction along the (away-side) jet and xt the 
transverse coordinate. Then, the Mach part for which the condition Kii < 1/3 
has to be fulfilled in order to guarantee the applicability of linearized first-order 
Navier-Stokes hydrodynamics, can be expressed in terms of the local temperature 
and flow velocity fields through II230II 



xe{l-3Kn), (7.7) 



3 3^ sT 



where d^^V^^ is the symmetrized, traceless flow velocity gradient, Kn is the local 
Knudsen number, K = {N^ — l)7r^/2 the Stefan Boltzmann constant for the M = 
4 Super- Yang-Mills (SYM) plasma, and Tq"^ the energy-momentum tensor of the 
(static) background. The theta function defines the far zone where the equilibration 
happens quickly enough enough to ensure a hydrodynamical prescription. 
This far zone excludes the neck region close to the jet which is a non-equilibrium 
zone that can be described in = 4 SYM via |[2T9ll220ll 

Kecki^i^^±) ~ (^i^Kn - 1) ° ^ Y^^ixux^) (7.8) 

Xj_ + 7^x1 



The head zone can also be defined as distinct area following the neck region (see Fig. |6.9t 
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Figure 7.5 

The relative energy-density perturbation due to a heavy quark propagating with v = 0.9 
through an TV = 4 Super- Yang-Mills (SYM) plasma with A^c = 3 12331 . The arrows 
indicate the Poynting vector flow (momentum flux) directions and the dashed line denotes 
the Mach cone with cos = 1/ (VSv). The box indicates the neck zone II231II . 
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Figure 7.6 

Background-subtracted, azimuthal angular distribution for massless particles at 
mid-rapidity obtained from an isochronous Cooper-Frye freeze-out for the temperature 
and velocity fields obtained from the AdS/CFT string-drag model 12331 for the three 
different scenarios of w = 0.9,pT/(7rro) = 4 — 5, u = 0.75,pt/(7''7o) = 5 — 6 and 
V = O.SSjPt/IttTo) = 6 — 7. The red curves show the contribution from the neck region, 
defined by Ae/esym, the blue curves result from integrating the far zone (excluding the 
neck region) and the black line display the total yields. The expected Mach angles are 
indicated by the arrows M231I . 



Here, Y^^ is a dimensionless "angular" tensor field, which reduces to the energy- 
momentum tensor given in Eq. (17.11 ) at very small distances from the jet. 
The head region is that part of the neck zone where the energy-momentum ten- 
sor becomes dominated by the contracted Coulomb field of the quark. Thus, as 
it was shown in Ref. II234I . the head can be defined by equating the Coulomb en- 
ergy density to the near-zone energy density given by Eq. (17.11) . Its boundary is 
approximately given by 1123 II 

^2 , 2 2 ^ \ {2x\^x'\f 

^^^^ (7rro)4 74^2(^^/2 +72x2)2- ^'-^^ 

The observable consequences can be investigated by applying a Cooper-Frye ha- 
dronization procedure II230[ I231II with an isochronous freeze-out as discussed in 
chapter [3l 

This is a very strong model assumption since the freeze-out is applied to the total 
volume, including the non-equilibrated neck zone (where the Cooper-Frye freeze- 
out may not be applicable, see also chapterfTOl) which is roughly the region between 
-1< xi (ttTo) < 1 and - XT (vrTo) < 2 (see Fig. 1731). 

The background-subtracted, azimuthal angular distribution for massless particles 
at mid-rapidity is shown in Fig. 17.61 for three different velocities of the jet and 
PT-ranges, v = 0.9,pt/{ttTo) = A - 5, v = 0.7h,pT / {ttTq) = 5 - 6 and 
V = 0.58,pT/(7rro) = 6 — 7. The black lines display the total yield that con- 
sists of the contribution from the neck (red line) and from the far region excluding 
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the neck (blue line). The figure reveals that the double-peaked structure occurring 
for V = 0.9 and v = 0.75 is completely due to the (non-equilibrated) neck region 
that always develops a dip ai^ound (p = n. 

However, this double-peaked structure of the neck region is completely uncorre- 
lated to a Mach cone since the location of the peaks do not follow the expected 
Mach-cone angles, which are indicated by the arrows in Fig. 17.61 and change with 
the velocity of the jet. For v = 0.9, the two peaks of the neck region incidentally 
agree with the Mach angle. 

Thus, the predictive power of the AdS/CFT string drag model could be tested 
Il230[|23ll by looking for conical distributions that deviate from the expected Mach 
angle for supersonic, but not ultra-relativistic identified heavy quark jets. 



Figure 1731 reveals that the far zone, which includes the Mach contribution but ex- 
cludes the neck region, always shows a broad away-side peak instead of an ex- 
pected double-peaked structure. It can be shown [230l 123 ill , as reviewed below, 
that this result is universal in the large- A'^c limit and independent of the strength of 
the diffusion wake formed behind the jet. 

For associated away-side particles withp^ = {pt,Pt cos(7r — (f)), px sin(7r — (/>), 0) 
the azimuthal distribution at mid-rapidity is given by [see Eq. (13.361 )1 



where a constant, thermal background feq is subtracted. In the supergravity ap- 
proximation of Nc — > oo, or equivalently for AT <^ Tq and p ■ u <^ Tq (both, 
AT ~ and n ~ VX/N^ are small, since A > l,but Nc > A), the Boltzmann 
exponent can be expanded up to corrections of 0{\/Nc). 

Choosing an isochronous ansatz with (iS'* = XTdxTctxid^p (1,0,0,0) and coor- 
dinates of n'^(xi, xt) = {u^ , ui, ut sin tp, ut cos ip, 0), after integration over (p in 
we obtain the distribution 



Here, ax = PTU±sm{TT — <j))/T and Jq denotes the modified Bessel function. 
However, in the supergravity approximation a_L ^ 1, and therefore one can expand 
the Bessel function 
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(7.10) 




(7.11) 



lim Ia{x) = 1 + — + 0{x^) 
x^o 4 



(7.12) 



to get an approximate expression for the distribution 1123 II 



dN 



~ e 



+ (ui) cos(7r — (j)) 



(7.13) 



PTdpTd(j)dy y=o 



To [ To 



7.5 The No-Go Theorem 
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where (AT) = Jj, dxidx±x± AT and (ui) = dxidxj_xj_ ui. Generally speak- 
ing, the above equation holds as long as the approximation pt/T = pt/{To + 
AT) Pt/To{1 - at/To) is vahd. Therefore, in the ^ oo limit, the associ- 
ated away-side distribution reveals a broad peak around </> = vr. A double-peaked 
structure in the away-side of the jet correlation function can only arise when the 
approximations made become invalid. 



Part III 



Jet Propagation and Mach-Cone 

Formation 
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In the following chapters, we present our investigations about the propagation of a 
jet through a strongly-coupled medium, using (3 + 1) -dimensional ideal hydrody- 
namics. We apply and compare different source terms describing the energy and 
momentum deposition of a jet as well as its interaction with the QGP, starting with 
a schematic source term, but also for the two independent approaches of pQCD 
and AdS/CFT. 

While the pQCD scenario is certainly the correct description in the hard-momentum 
region where jets are produced {Q » Tq), in the soft part of the process (Q ~ Tq) 
non-perturbative effects, covered by the AdS/CFT approach, may become relevant. 
Here, the most striking differences will become apparent due to the influence of the 
neck region as already discussed in chapter |7J 

We start with a study on the away-side angular correlations for punch-through 
and fully stopped jets applying a simple ansatz for the source term. Surprisingly 
enough, we find that the medium's response as well as the corresponding conge- 
lations are largely insensitive to whether the jet punches thr^ough or stops inside 
the medium. The existence of the diffusion wake is shown to be universal to all 
scenarios where momentum as well as energy is deposited into the medium. In 
ideal hydrodynamics, this can be readily understood through vorticity conserva- 
tion which is examined separately in chapter |9l 

Though the above mentioned analyses are done for a static medium, chapter [TT] 
which discusses an expanding system, shows that while radial flow may for some 
jet trajectories diminish the impact of the diffusion wake 112351 . it still strongly in- 
fluences the final angular particle distributions. However, the main characteristics 
of those distributions ai^e due to the different contributions of several possible jet- 
trajectories through the expanding medium 112361 12371 leading to a double-peaked 
structure which is therefore not directly connected to the emission angles of a Mach 
cone. 
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Chapter 8 

The Diffusion Wake 



In general, a fast moving parton (which could be a light quark/gluon or a heavy 
quark) will lose a certain amount of its energy and momentum along its path 
through the medium and consequently decelerate. Thus, the fate of the parton 
jet strongly depends on its initial energy: if the parton has enough energy it can 
punch through the medium and fragment in the vacuum (a punch-through jet) or it 
can be severely quenched until it becomes part of the thermal bath (a stopped jet). 
Of course, the amount of initial energy required for the paiton to punch thi^ough 
depends on the properties of the medium (a very large energy loss per unit length 
dE/dx means that most of the jets will be quenched while only a few jets would 
have enough energy to leave the plasma). In the following, we solve the (3 + 1)- 
dimensional ideal hydrodynamical equations including source terms (see chapter 
16.41 ) that describe those two scenarios in order to compai^e the final away-side an- 
gular correlations produced by a punch-through and a fully stopped jet in a static 
medium with a background temperature Tq. 

For simplicity, our medium is considered to be a gas of massless SU (3) gluons for 
which p = e/2), where p and e ai^e the pressure and the energy density, respectively. 
Two different freeze-out procedures, briefly reviewed below (see also section [3^ . 
are employed in order to obtain the angular distribution of particles associated with 
the away-side jet. 

We use a simplified Bethe-Bloch model II238II to show that the explosive burst of 
energy and momentum (known as the Bragg peak 112391 12401 12411 l242l ) deposited 
by a fully quenched jet immediately before it thermalizes does not stop the strong 
flow behind the jet (the diffusion wake) and, thus, the structures on the away-side of 
angular- correlation functions ai^e very similar to those of punch-through jets. This 
explosive release of energy before complete stopping is a general phenomenon 
which has been employed, for instance, in applications of particle beams for can- 
cer therapy 1124311214112451 . 

In our system of coordinates, the beam axis is aligned with the z-direction and the 
associated jet moves along the x-direction with velocity v = v x. We take the 
net baryon density to be identically to zero. Moreover, we omit the near-side cor- 
relations associated with the trigger jet and assume that the away-side jet travels 
through the medium according to a source term that depends on the jet velocity 
profile which shall be discussed below for the case of punch-through and stopped 
jets. 
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The away-side jet is implemented in the beginning of the hydrodynamical evolu- 
tion at X = —4.5 fm, and its motion is followed until it reaches x = 0. For a jet 
moving with a constant velocity Vj^t this happens at tj = 4.5/t'jct fm. 
In order to obtain the away-side angular coiTclations, we use the two different 
methods introduced in section 13.71 Applying the isochronous Cooper-Frye (CF) 
II129I . the fluid velocity u^{tf,x) and temperature T{tf,x) fields are converted 
into free particles at a freeze-out surface E at constant time tf. In principle, one 
has to ensure that energy and momentum are conserved during the freeze-out pro- 
cedure II 10411 . However, the associated corrections are zero if the equation of state 
is the same before and after the freeze-out, as it is assumed in the present consider- 
ations. In this case, the momentum distribution for associated (massless) particles 
P'^ = {pt,Pt cos(7r — (j)),PT sin(7r — </>)) at mid-rapidity y = is computed via 



prdprdydcj) 



y=0 



f d^^p'^ [MU ■ p/T) - feg] . (8.1) 

Here, (p is the azimuthal angle between the emitted particle and the trigger, pr is 
the transverse momentum, /o = exp[— u''(t, x)p^/T(t, x)] the local Boltzmann 
equilibrium distribution, and f^q = /|um=o,t=To denotes the isotropic background 
yield. We checked that our results do not change significantly if we use a Bose- 
Einstein distribution instead of the Boltzmann distribution. The background tem- 
perature is set to Tq = 0.2 GeV. 

Following Refs. lIMlfTTTl 12311 l246l . we define the angular function 

1 / diVass(</') dN^M \ 



CF{<p) 



Nmax \PTdpTdyd<p pTdpTdyd(j)) 



(8.2) 



where the constant N^nax is used to normalize the plots. It is important to mention 
that in the associated pj^-range of interest a coalescence/recombination hadroniza- 
tion scenario ifTM [l35l l247l l248l |249l may be more appropriate than CF freeze- 
out. Since it might well be possible that procedures following the recombination 
of partons into hadrons influence the final particle distributions, this issue deserves 
further scrutiny. 

The other freeze-out prescription (called bulk-flow freeze-out) was introduced in 
Ref. II136II . The main assumption behind the bulk-flow freeze-out is that all the 
particles inside a given small sub- volume of the fluid will be emitted into the same 
direction as the average local energy flow 

= jd'x Six) 5 [<P - Mx)] 5 [y - Yix)] . (8.3) 

Here, (p is again the azimuthal angle between the detected particle and the trigger 
jet and y is the particle rapidity. Only the y = yield is considered. The cells are 
selected according to their local azimuthal angle = arctan [Vy{x) /Vx{x)] 

and rapidity Y{x) = Artanh [Pz{x)/£{x)]. The local momentum density of the 
cell is T^^{x) = Vi{x), while its local energy density in the lab frame is £{x) = 
T^^{x). The (5-f unctions are implemented using a Gaussian representation as in 
Ref. l[T36l . 

Due to energy and momentum conservation, this quantity should be conserved 
after freeze-out. Eq. (18.31) is not restricted to a certain pT and does not include the 
thermal smearing that is always present in the CF freeze-out. 



8.1 Punch-Through Jets in a Static Medium 



85 




Figure 8.1 

Temperature pattern and flow velocity profile (arrows) after a hydrodynamical evolution 
Qft = 4.5/ujet fm, assuming (a) an energy loss rate of dE/dt = 1.5 GeV/fm for a 
vanishing momentum loss rate and (b) an energy and momentum loss rate of 
dE/dt = dM/dt = 1.5 GeV/fm for a punch-through jet moving with a constant velocity 
of Vjet = 0.999 along the a;-axis through a static background plasma with temperature 
To = 200 MeV. The jet is sitting at the origin of the coordinates at the time of freeze-out 

una. 

8.1 Punch-Through Jets in a Static Medium 

In this section, we consider a jet moving with a uniform velocity of vjct = 0.999 
through the medium. The source term is given by [cf. Eq. (16.91 )1 

n 

where r/ — Tj denotes the proper time interval associated with the jet evolution. 
We further assume a constant energy and momentum loss rate dM'^/dr = 
[dE/dr, dM /dr) along the trajectory of the jet x'^^^{t) = + u'^^.^t. 
In non-covariant notation, this source term has the form 

where xjet describes the location of the jet, x is the position on the computational 
grid, and a = 0.3 fm. The system plasma-f-jet evolves according to Eq. (16.71 ) until 
the freeze-out time tj = 4.5/fjct fm is reached. 

The temperature and flow velocity profiles created by a punch-through jet with a 
constant energy loss rate of dE/dt = 1.5 GeV/fm and vanishing momentum de- 
position are shown in Fig. 18. 11 (a). In Fig. 18. 11 (b) the jet has lost the same amount 
of energy and momentum. One can clearly see that the space-time region close to 
the jet, where the temperature disturbance is the largest, is bigger than in the pure 
energy deposition scenario. 

The creation of a diffusion wake behind the jet in case of equal energy and momen- 
tum deposition is clearly visible, which is indicated by the strong flow observed in 
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Figure 8.2 

The left panels show the normalized angular distribution created by a punch-through jet at 
mid-rapidity with a fixed energy loss of dE/dt = 1.5 GeV/fm and different momentum 
loss rates. The jet moves at a constant velocity Vjct ~ 0.999 through the medium. The 
right panels show the angular distributions associated with jets with dE/dt =1.5 GeV/fm 
and vanishing momentum loss (dM/dt = 0). Here, the jets move with different velocities 
through the medium: Vj^t = 0.999 (black), Vjd = 0.75 (blue), and Vjd = 0.58 (magenta). 
In the upper panels, an isochronous Cooper-Frye freeze-out atpx = 5 GeV is used while 
in the lower panels we employed the bulk-flow freeze-out procedure Ml 3611 . The arrows 
indicate the angle of the Mach cone as computed via Mach's law 113711 . 



the forward direction (at (p = tt). 

It is important to mention that, see Fig. 18.21 (a). for the punch-through jet deposition 
scenario with equal energy and momentum loss one always obtains a peak in the 
associated jet direction after performing the freeze-out using the two prescriptions 
described above. 

However, the energy-flow distribution in Fig. 18.21 (b) displays an additional small 
peak at the Mach cone angle indicated by the aiTow. This Mach signal cannot be 
seen in the Cooper-Frye freeze-out because of thermal smearing |[83l 11361 12311 
124611 and the strong influence of the diffusion wake, which leads to the strong peak 
around (/> ~ vr in the bulk energy-flow distribution. However, given that the exact 
form of the source term in the sQGP is unknown, one may want to explore other 
energy-momentum deposition scenarios where the jet deposits more energy than 



8.1 Punch-Through Jets in a Static Medium 
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Figure 8.3 

Left panel: Temperature pattern and flow velocity profile (arrows) after a hydrodynamical 
evolution oft = 4.5/i;jot fm, assuming an energy loss rate of 

dE/dt = dM/dt = 1.5 GeV/fm for (a) full transverse momentum deposition and (b) 

longitudinal as well as transverse momentum deposition with a ratio of 

dMi /dt = 0.25 dAlT / dt. Right panel: The normalized angular distribution created by a 

punch-through jet at mid-rapidity for the two above mentioned transverse momentum 

deposition scenarios. In the upper panel, an isochronous Cooper-Frye freeze-out at 

p± = 5 Ge V is used while in the lower panel the bulk-flow freeze-out procedure 11361 is 

employed. The arrows indicate the ideal Mach-cone angle 11371 . 



momentum along its path. While this may seem unlikely, such a situation cannot 
be ruled out. Thus, for the sake of completeness, we additionally consider in Fig. 
18.21 (a) the case where the jet source term is described by a fixed energy loss of 
dE/dt = 1.5 GeV/fm and different momentum loss rates. 

In the bulk-flow distribution in Fig. 18.21 (b). one can see that the peak at the Mach- 
cone angle is more pronounced for smaller momentum loss while the contribution 
of the diffusion wake (indicated by the peak in forward direction) is reduced. The 
associated particle distribution from the CF freeze-out in Fig. l8. 21 (a) reveals a peak 
at cj) TT for pure energy deposition (solid black line), however, the opening angle 
is shifted to a value smaller than the Mach cone angle due to thermal smearing 
12461. 
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In Figs. l8.2l (c.d) we consider dM/dt = jets that move through the medium with 
different velocities Vj^t = 0.999,0.75, and 0.58. In Fig. 18.21 (d) the peak position 
changes in the bulk-flow distribution according to the expected Mach-cone angles 
(indicated by the aiTows). However, due to the strong bow shock created by a jet 
moving at a slightly supersonic velocity of v^ct = 0.58, there is a strong contri- 
bution in the forward direction and the peak position is shifted from the expected 
value. In the CP freeze-out shown in Fig. 18.21 (c). the peak from the Mach cone 
can again be seen for the jet moving neai^ly at the speed of light (v^ct = 0.999), but 
for slower jets thermal smearing again leads to a broad distribution peaked in the 
direction of the associated jet. It can indeed be shown that those broad distributions 
can be obtained by modelling the away-side distribution with two Gaussians, the 
peak locations of which follow Mach's law if the width of the distributions, and 
thus the thermal smearing, is suffiently large. 

It is apparently surprising that the above mentioned results are independent of 
whether the momentum deposited by the particle is in the longitudinal (along the 
motion of the jet) or transversal (peipendiculaiO direction. Repeating the calcula- 
tion shown in Fig. 18.1 [ including transverse momentum deposition 



where if is the latitude angle in the {y — z)-plane with respect to the jet motion and 
the magnitude of J'^{t, x) is the same as Eq. (18.41) . shows that transverse momen- 
tum deposition will not alter the results presented in this section (see Fig. 18.31 ). A 
longitudinal diffusion wake still forms during the fluid evolution stage, and its con- 
tribution will still dominate the resulting angular inter-particle correlations though 
a peak occurs around the expected Mach cone angle in the CF freeze-out. 
The reason is that transverse momentum deposition will force the fluid around the 
jet to expand, and the empty space left will be filled by matter flowing in a way 
that behaves much like a diffusion wake. In terms of ideal hydrodynamics, this 
universality of the diffusion wake can be understood in the context of vorticity 
conservation since momentum deposition, whether transverse or longitudinal, will 
add vorticity to the system. This vorticity will always end up behaving as a diffu- 
sion wake 112501 . In the next section, we demonstrate that these results are lai^gely 
independent of whether the jet is fully quenched or survives as a hard trigger. 

8.2 Stopped Jets in a Static Medium 

In the previous section we considered a uniformly moving jet that deposited energy 
and/or momentum in the medium at a constant rate. However, due to its interaction 
with the plasma, the jet will decelerate and its energy and/or momentum loss will 
change. Thus, the deceleration roughly represents the response of the medium. In 
general, a decelerating jet should have a peak in the energy loss rate because the 
interaction cross section increases as the parton's energy decreases. In other words, 
when the particle's velocity goes to zero there appears a peak in dE/dx known as 



J'^{t, x) oc 



dE/dt 
dMi/dt 
(dMr/dt) cosLf 
[dMr/dt) siuif 



(8.6) 
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Figure 8.4 

The jet velocity ujct (0 (solid black line) and energy deposition rate dE{t) / dt (dashed 
blue line) according to Eq. ( 18. 9t . The initial jet velocity and energy-loss rate are 
Ujct = 0.999 and a ~ -1.3607 GeV/fm, respectively ifTSTl . 



the Bragg peak ||239l . 

The question to be considered in this section is whether this energy-deposition 
scenario might be able to somehow stop the diffusion wake and, thus, change the 
angular distributions shown in Fig. 18.21 The source term in this case is still given 
by Eq. ([O and, according to the Bethe-Bloch formahsm ||239l l240l 12411 1242]| . 
one assumes that 

dEit) 1 
at v-^ct{t) 

which shows that when the jet decelerates the energy loss rate increases and has a 
peak as ujet — > 0. Here, dE/dt is the energy lost by the jet, which is the negative 
of the energy given to the plasma. Using this ansatz for the velocity dependence 
of the energy-loss rate and the identities dE/dt = v jet dM/dt and dM/dy^ct = 
771 cosh yjct (as well as u jet = tanh y^ct), one can rewrite Eq. (18.71 ) as 

TTL 

t{y\et) = — [sinhj/jet - sinhyo 



1 1 

arccos — h arccos 



coshyjct coshyo 



(8.8) 



where yo is the jet's initial rapidity. A detailed derivation of this equation is given 
in appendix |e1 The equation above can be used to determine the time-dependent 
velocity fjct(i)- The initial velocity is taken to be vq = Artanhyo = 0.999. The 
mass of the moving parton is assumed to be of the order of the constituent quark 
mass, m = 0.3 GeV. Moreover, the initial energy loss rate a ~ —1.3607 GeV/fm 
is determined by imposing that the jet stops after Ax = 4.5 fm (as in the previous 
section for a jet with v-^^t = 0.999). Thus, the jet location as well as the energy 
and momentum deposition can be calculated (see again appendix 10) as a function 
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Figure 8.5 

Temperature pattern and flow-velocity profile (arrows) after a hydrodynamical evolution 
of t = 4.5 fm (left panel), t = 6.5 fm (middle panel), and t ~ 8.5 fm (right panel) for a jet 
that decelerates according to the Bethe-Bloch formula and stops after Aa; = 4.5 fm. The 
jet's initial velocity is Vjct = 0.999. In the upper panel a vanishing momentum-loss rate is 
assumed while in the lower panel the momentum loss is related to the energy loss by Eq. 
(HE US). 



of time via the following equations 

Xjet(t) = Xjet(O) + ^ [(2 - ?;2,j7jet - (2 - ?;o)7o] , 
dE 1 dM 1 

dt Ujet dt Vf^^ 

which can be used to determine the corresponding source term for the energy- 
momentum conservation equations. The change of the jet velocity v^et{t) and en- 
ergy deposition dE{t)/dt are displayed in Fig. 18.41 The strong increase of energy 
deposition shortly before the jet is completely stopped corresponds to the well- 
known Bragg peak 112391 . 

The main difference between the ansatz described here and the Bethe-Bloch equa- 
tion is that the momentum deposition is longitudinal (parallel to the motion of 
the jet) rather than transverse (perpendicular to the motion of the jet). Accord- 
ing to most pQCD calculations, this is true in the limit of an infinite energy jet 
m [im [US [m HSIl HSl HH HSl mH HSH, but it is expected to break 
down in the vicinity of the Bragg peak where the jet energy is comparable to the 
energy of a thermal particle. However, as we demonstrated in the previous section, 
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Figure 8.6 

The normalized angular distribution generated by a decelerating jet (cf. also Fig. 18.51 ) at 
mid-rapidity is shown (upper panel) according to an isochronous Cooper-Frye freeze-out 
atpT = 5 GeV for a jet that stops after Aa; = 4.5 fm and a hydrodynamical evolution of 
t = 4.5 fm (left panel), t = 6.5 fm (middle panel), and t = 8.5 fm (right panel). The 
corresponding bulk-flow pattern 01361 is shown in the lower panel. The solid black line in 
all plots depicts the pure energy-deposition case while the dashed magenta line 
corresponds to the energy and momentum deposition scenario given by Eq. (18. 9b . The 
arrows indicate the angle of the Mach cone as computed via Mach's law. The inserts 
repeat Fig. 18.21 (a) and (b) for comparison II 1371 . 



the freeze-out phenomenology is rather insensitive to whether the momentum de- 
position is transverse or longitudinal. 

Fig. [83] displays the temperature and flow velocity profiles of a jet that stops after 
Ax = 4.5 fm, with an energy loss according to Eq. (18.71 ) and vanishing momentum 
deposition (upper panel) as well as an energy and momentum deposition following 
Eq. (18.91 ) (lower panel). The left panel shows the hydrodynamical evolution after 
t = 4.5 fm, immediately after the jet is stopped, while in the middle and right panel 
the evolution is continued until t = 6.5 fm and t = 8.5 fm, respectively. 
Comparing this result to Fig. 18.1 H eads to the conclusion that the diffusion wake is 
present independently of whether the jet is quenched or survives until freeze-out. 
In the former case, the diffusion wake is only weakly sensitive to the duration of 
the subsequent evolution of the system. 

Within ideal hydrodynamics this can be understood via vorticity conservation. The 
vorticity-dominated diffusion wake will always be there in the ideal fluid, whether 
the source of vorticity has been quenched or not. The only way this vorticity can 
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(|) [rad] 

Figure 8.7 

Decomposition of a jet event into the regions of head, neck, diffusion wake, and Mach 
cone, applying a Cooper-Freye freeze-out at = 5 GeV for a jet depositing energy and 
momentum, and stopping according to the Bethe-Bloch formalism. The arrow indicates 
the expected Mach cone angle for a jet moving with Vjct = 0.999. 



disappear is via viscous dissipation. While a (3 + 1) -dimensional viscous hydro- 
dynamic calculation is needed to quantify the effects of this dissipation, linearized 
hydrodynamics predicts that both Mach cones and diffusion wakes are similarly 
affected |[83lll08lll71ll as already mentioned in section [631 
The angular distribution associated with the decelerating jet (which stops after 
Ax = 4.5 fm), shown in Fig. 18.61 is determined according to the two freeze-out 
prescriptions described above. When the energy and momentum loss rates are de- 
termined by Eq. (18.91 ) (magenta line), both freeze-out procedures display a feature 
discussed in the previous section for the case of punch-thiough jets: the forma- 
tion of a strong diffusion wake which leads to a strong peak in the associated jet 
direction. The results after the isochronous CF freeze-out are shown in the upper 
panel of Fig. 18.61 Here (cf. Fig. 18.51 ). the medium decouples after t = 4.5 fm (left 
panel), t = 6.5 fm (middle panel), and t = 8.5 fm (right panel). Only the pure 
energy-deposition scenario produces a peak at an angle close to the Mach angle 
[see Fig. 18. 61 (a) 1 which is smeared out thermally for larger decoupling times [cf. 
Fig. 18.61 (b) and (c)]. On the other hand, the bulk-energy-flow freeze-out displayed 
(lower panel) shows in all cases a peak at the Mach-cone angle. In this case the 
peak becomes more pronounced when dM/dt = 0. While the Mach cone signal 
increases with the decay time, the signal is still smaller than the forward yield of 
the diffusion wake. 

Clearly it would be interesting to study other models that describe decelerating jets 
in strongly coupled plasmas. Nevertheless, the simple Bethe-Bloch model used 
here displays the main qualitative features relevant for the hydrodynamic wake as- 
sociated with decelerating jets. 

So far, we have not yet distinguished different regions of the flow in forward di- 
rection behind the jet which we addressed as diffusion wake. However, as akeady 
discussed in chapter [71 the jet event can be decomposed into several regions. Since 
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53.9% 


-''^Mach 


6.5% 


-^diffusion 


-12.3% 


^'^difTusion 


18.7% 


-^neck 


57.4% 




mn% 


-E'hcad 


1.0% 


^head 


1.0% 



Table 8.1 

Relative energy and momentum stored in the different regions of a jet event. For details 
see text. 



the physical regimes change close to the jet (expressed by the Knudsen number 
in chapter |7]), is it possible and probably inevitable to consider a neck zone (close 
to the location of the jet) and a head region (following the neck area), besides a 
diffusion zone that is characterized as a region where linearized first-order Navier- 
Stokes hydrodynamics can be applied (see Fig. 16.91 ). 

In the following, we will assume that the transverse expansion of the head, neck, 
and diffusion zone is < 1 fm and define that for the present calculations (see e.g. 
Fig.[8?l]) 0.5 < Xhcad < 1 fm, -1.5 < Xncck < 0.5 fm and XdiSusion < -1-5 fm. 
This decomposition reveals (see Fig. 18.71 ) that for a jet depositing energy and mo- 
mentum, and decelerating according to the Bethe-Bloch formalism, the away-side 
distribution can clearly be attributed to the strong flow behind the jet. Moreover, 
it shows that the main contribution is actually due to the neck region, while the 
large p^-cut results in a strong suppression of the far zone (Mach-cone regions). 
This means that, as can be seen from the flow-velocity profiles (cf. e.g. Fig. 18.11) . 
a Mach-cone contribution is indeed formed, but it is strongly overwhelmed by the 
flow along the jet trajectory. 

However, even the exclusion of the head and neck zones would not change this re- 
sult since (see Fig. 18.71 ) the contribution of the diffusion zone largely overwhelmes 
that one of the Mach region. 

It is also possible to calculate the amount of energy and momentum stored in these 
regions from the hydrodynamic evolution. The neck region (cf. Table 18.11 ) by far 
contains the most energy and momentum along the jet trajectory (which is the x- 
axis). The contribution from the Mach region is large in energy, but small for 
momentum and the diffusion zone even reveals a negative energy content which is 
due to the fact that behind the jet there is a region with lower temperature/energy 
than the background (see again e.g. Fig. 18. II ) 

Our results confirm previous studies |[83l 120 1[ I202II in the sense that a single peak 
in the away-side of the associated dihadron correlations occurs unless the total 
amount of momentum loss experienced by the jet is much smaller than the corre- 
sponding energy loss. Thus, it is clear that in Ref. 11201 II the existence of conical 
flow effects could not be proven since it was assumed that dM/dx = dE/dx, 
while as seen in Refs. 111721 the double-peaked structure found by experiment can 
be reproduced assuming that most of the energy lost excites sound modes which is 
equivalent to dM/dx <C dE/dx. 

We would like to stress that the formation of a diffusion wake (i.e., the strong flow 
behind the jet) is a generic phenomenon II108II and, thus, its phenomenological con- 
sequences must be investigated and cannot simply neglected. 
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Considering already the above mentioned vorticity conservation, the diffusion wake 
cannot be an artifact of the calculation. 

In the present study, the path lengths of both types of jets were taken to be the 
same. A different scenario in which the light jets are almost immediately stopped 
in the medium while the heavy quark jets are still able to punch through may lead 
to different angular correlations. However, as Fig. 18.71 reveals, the main contribu- 
tion to the strong flow of the diffusion wake comes from the regions close to the jet 
and therefore, the diffusion wake is produed on the same time scale as the Mach 
cone which needs t ~ 2 fm to develope. 

Nevertheless, one can expect that the strong forward-moving fluid represented by 
the diffusion wake can be considerably distorted in an expanding medium by the 
presence of a large radial flow. The interplay between radial flow and away-side 
conical correlations in an expanding thiee-dimensional ideal fluid will be presented 
in chapter [TT] 



Chapter 9 

Polarization Probes of Vorticity 



We demonstrated in the previous chapter that the creation of a diffusion wake is 
universal to all jet-deposition scenarios implying energy and momentum loss Ill37i . 
However, as can be seen from the flow-velocity profiles of Figs. 18. II and 18.51 the 
formation of such a strong flow behind the jet is connected to the formation of 
vortex-like structures which also persist due to vorticity conservation after the jet 
is fully thermalized in the medium, i.e., after energy and momentum deposition 
have ceased. 

Certainly this raises the question if such a conserved structure may have experimen- 
tally observable consequences, probably connected to polarization effect^j (due to 
spin-orbit coupling) of particles formed in such a jet event. 

More than 30 years ago II258II . hyperorH polarization was discovered. It was sug- 
gested in Refs. ||259[ I260II that the disappearance of polarization could signal the 
onset of an isotropized system where locally no reference frame is preferred, a state 
close to the sQGP (strongly-coupled Quark-Gluon Plasma). 
In the following sections, we will describe the sensitivity of polarization to initial 
conditions, hydrodynamic evolution (including jet events), and mean-free path. 



9.1 Hyperon Polarization 

The effect of hyperon polarization was first discovered in the channel p + Be 

+ X, where X is the sum over the unobserved states and the polarization itself 
was measured through the A'^-decay A*^ — > p + vr" (see Fig. 19.11 ). Various models 
11258 1 12591 126 1 1 12621 explain the polarization of A-particles, which is a (uds)-quaik 
state, based on the assumption that the spin of this particle is determined by the spin 
of the s-quark. Generally, in the rest frame of the hyperon Y, the angular- decay 
distribution w.r.t. the polarization plane is 1125 811 

^ = l + ayPyCOS0, (9.1) 

where Py is the hyperon polarization, 9 the angle between the proton momentum 
and the A-polar axis, and ay a hyperon-specific constant that is measured in ele- 
mentary processes 112581 . It has a value of ay = 0.647 ± 0.013 for A'^'s. 

'Polarization implies the presence of a nonzero expectation value for the particle spin. 
"Hyperons are baryons containing at least one s-quark. 
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Figure 9.1 

The magnitude of polarization in x, y and z-direction {Px^ Py, and P^) from the 
A° ^ p + 7r~ decay as a function of the A" transverse momentum. Here, the beam 
direction is chosen to be aligned with the y-axis 12581 . 



Hyperons are polarized perpendicular to the hyperon production plane (see right 
panel of Fig. EH) USS 

n = -z — ^ , (9.2) 

\P X Ph\ 

with p and pn being the beam and hyperon momenta. This polarization can also 
be seen from Fig. |9. ll which shows the hyperon polarizations P^, Py and Pz in x, y 
and z-direction. Here, the beam direction was chosen along the y-axis. Thus, the 
polarization in y-direction vanishes. 

The initially generated amount of the reaction-plane polarization (see left panel of 
Fig. lEg3l is given by 

(Pf ) ~ j cPxtp{xt)p- {xt X n) ~ -{p^xr) , (9.3) 

where p{xt) = / d^pf{xT,p} is the participant transverse density, xt the direc- 
tions perpendicular to the beam axis, and n a unit vector perpendicular to both 
XT and p. This expression strongly depends on the initial density-momentum cor- 
relation within the system. Thus, the reaction-plane polarization can be a useful 
signature for probing the initial conditions of the system created in a heavy-ion 
collision. 

If a specific net (Py) / exists for any axis definable event-by-event, it is in 
principle possible to measure this polarization, using Eq. (19.11 ), in the observed 
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Reaction plane 



Production plane 



A 




Figure 9.2 

Definition of production and reaction plane. The beam line (traditionally the z-axis) is 
perpendicular to the sheet. The dotted line, with arrow, indicates the direction of 
polarization of the produced A 125011 . 



spectra of A and other hyperon (like H or Q) decay products. This opens a new 
avenue to investigate heavy-ion collisions which has been proposed both to deter- 
mine confined/deconfined regimes Il259[|260ll264ll . and to mark global properties 
of the event EgS |265l |266l |267l . 

While a strong transverse polarization of hyperons in the production plane (see 
right panel of Fig. 19.21 ) is observed in (unpolarized) p-i-p and p-i-A collisions 11268 [ 
I269II . a disappearance of this polarization is assumed to be a signal of deconfine- 
ment 11259 [ 12601 . So fai^, no such measurement exists at RHIC energies, but a 
measurement at AGS shows that the transverse polarization is comparable to those 
of p-i-A collisions, thus at AGS the signal does not disappear. 
It has also been suggested II263II to use hyperon polarization in the reaction plane 
(left panel. Fig. 19.21 ) to test for the vorticity of matter produced in heavy-ion col- 
lisions. The idea is that the initial momentum gradient in non-central collisions 
should result in a net angular momentum (shear) in this direction which will be 
transferred to the hyperon spin via spin-orbit coupling. This polarization direction 
will be called Py- A similar, though quantitatively different result, can be obtained 
from a microcanonical ensemble with a net angular momentum 112661 . 
The STAR collaboration measured the reaction-plane polarization 112701 . reporting 
results consistent with zero. The above mentioned production-plane polarization 
measurement is also planned. 

In the following, we will present a few general considerations regarding the in- 
sights that can be gained from polarization measurements. We examine how the 
polarization, in both production and reaction plane, is sensitive to initial condi- 
tions, hydrodynamic evolution (in particular the vortex structure of a jet event), 
and mean-free path. We suggest that measuring the polarization in different direc- 
tions (production, reaction, and jet axis) could provide a way to go beyond model 
dependence. 

While we use the A polarization as our signature of choice throughout this chapter, 
the points made here can easily be generalized to the detection of vector-meson 
polarization 112711 which is also used as a polarization probe in a way very similar 
to hyperons II265II . 
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9.2 Initial Conditions and Reaction-Plane Polarization 

The QCD spin-orbit coupling is capable of transforming the total orbital angular 
momentum {x x p) into spin. 

For a large system, such as a heavy nucleus, we have to convolute the net polar- 
izing interaction cross section per unit of transverse nuclear surface (dAa/cPxT), 
calculated in Ref. II263II . with the (initial) parton phase-space distributions /(xr, p) 
to obtain the net local polarized parton phase-space density ppR produced in the 
first interactions 



Ppr{xt,p)= I d^x'rpcfp'fixT -Xt,p-p')^^ {p') . 



(9.4) 



Here, f{xT,p) is the local parton distribution of the medium. 

Provided that the initial Debye mass and constituent quark mass is small, the quark 

polarization in the reaction plane 

(if) = j <fxSpppH{x,p) (9.5) 

becomes, as demonstrated in Ref. II263II [see also Eq. ( 19.31) 1. 

{Pq) ~ j d^XTp{xT)p- {xT X n) ~ -{PzXt) ■ (9.6) 

In ultra-relativistic collisions all significant initial momentum goes into the beam 
{z-) direction. 

For non-central collisions with a nonzero impact parameter 6 however, (p x xt) oc 
6 7^ results in a net polarization. 

Thus, the initially generated amount of reaction-plane polarization strongly de- 
pends on the initial density-momentum correlation within the system. In other 
words, the reaction-plane polarization could be a useful signature for probing the 
initial conditions of the system created in heavy-ion collisions. 
According to the Glauber model, the initial density distribution transverse to the 
beam axis is given by the sum of the participant and target densities pp and px, 

p{xt) = [pp{xt) + Pt{xt)] 4>{y^ (9-7) 

where 



Pp,T = Tp^T ( XT =F ^ ) <j 1 - exp 



(9.8) 



and (Tat, Tpt as well as b refer, respectively, to the nucleon-nucleon cross section, 
the nuclear (projectile and target) density, and the impact parameter. 
A crucial model parameter is given by the rapidity which is longitudinally dis- 
tributed in space-time 

, = iln(^), (9.9, 
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Figure 9.3 

Schematic illustration of non-central heavy-ion collisions. Partons produced in the 
overlap region carry global angular momentum along the (— ?/)-axis, opposite to the 
reaction plane 12631 . 



and flow rapidity 

which influence the form of (j){y, rj). The calculation of the hyperon polarization in 
the reaction plane f2631 depends on an assumption of an initial condition described 
in Fig. 1 of Ref. [i263il (which is reviewed in Fig. 19.31 for convenience). Such an 
initial condition (generally referred to as the firestreak model), is roughly equiva- 
lent to two "pancakes", inhomogeneous in the transverse coordinate xt, sticking 
together inelastically. Each element of this system then streams in the direction of 
the local net momentum (Fig. 19. 4 [ right column). 

Since projectile and target have opposite momenta in the center-of-mass frame, as- 
suming projectile and target nuclei to be identical, (/>(?/, ?/) can be approximated via 

y ycm (xt)] , (9.11) 

where ycm is the local (in transverse space) longitudinal rapidity, corresponding to 
the flow velocity Vcm- Then, it is possible to rewrite the polarization in the reaction 
plane for the firestreak model as 

{PzXt) ~ , {D,) , (9.12) 

c{s)mN 

where 

{Dp) = j cPxTXT [pp{xt) - Pt{xt)] ■ (9.13) 

Here, c(s) is an energy-dependent parameter II263II which can be estimated from 
final multiplicity using phenomenological formulas II272II . 

, , 2ydN 1 f \. f 2^/i \ 
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Figure 9.4 

Initial densities in the BGK model (left panel) as well as the firestreak model used in Ref. 
12631 (right panel). In the BGK case, dashed lines represent the rapidity extent of 
individual nucleons, while solid lines correspond to the cumulative density 1250|. For 
detailed model definitions and further explanations see text. 



assuming that all partons receive an equal share of momentum. Since all nuclei 
have the same ^/s, (P^) should be finite and constant over rapidity. 
The physical validity of this firestreak model is compelling at low energies, when 
the baryon stopping of nuclear matter is large. 

At high energies and initial transparencies, however, a more generally accepted 
ansatz for the initial condition is that the initial partons are produced all throughout 
the longitudinal flow rapidity spanned between the forward-travelling projectile 
and the backward-travelling target (middle panel of Fig. 19.41 ). This approximation 
is named Brodsky-Gunion-Kuhn (BGK) ll?73ll274l model. 
If participant and target densities are equal, pp{xt) = pt{xt), this ansatz reduces 
to a boost-invariant initial condition. For a non-central collision, however, such 
equality will only hold at the midpoint in xt of the collision region. Interpolating 
hneai'ly in rapidity between paiticipant pp (at y = y^) and target densities pr (at 
y = -Vl), one gets 



{A + yB)6{y -7])^ 



(9.15) 



with 



B 



Pp{xt) - Pt{xt) 1 
Pp{xt) + Pt{xt) 2yL ' 



(9.16) 
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which leads to a polarization in the recation plane for the BGK model 



{PzXt) oc j dysmh{y)xTp{xT,y)dxT 

oc {Dp) [yL cosh(yz,) - sinh(yL)] . 



(9.17) 



For this initial condition, the axial symmetry of the initial pancakes forces the net 
polarization to be zero at mid-rapidity. 

However, it is also reasonable to assume that the density of matter (in r]) flowing 
with rapidity y is 



(p{y, r]) ~ exp 



2a2 



21 



(9.18) 



where cj^ is a parameter which has to be determined. Applying this distribution 
instead of the (5-function used above yields, at = 0, to another expression for the 
polarization in the reaction plane for the BGK model 



(PzXt) 



1 



2V27r 



Be 



2e 



2yL 



+ e 



+erf 



2'Kar. 



VL 



-erf 



VL 



a/2(7^ 



V2i 



which simplifies at mid-rapidity to 



(9.19) 



(9.20) 



The rapidity distributions are summarized in Fig. 19.41 and the corresponding shear 
created is displayed in Fig. 19.51 

Thus, at high (RHIC and LHC) energies we expect that the net polarization around 
the reaction plane of A-i-A collisions should vanish at mid-rapidity and re-appear 
in the target and projectile regions [Fig. 19.51 (a)1. At lower energies, on the other 
hand, reaction plane A or A polarization should be more uniform in rapidity space, 
and be significantly above zero at mid-rapidity [Fig. 19.5 1 (b)1. 
More realistic nuclear geometries should not alter these very basic considerations, 
although for the BGK case they might considerably slow down the shear rise in 
rapidity. This is also true for corrections to linear interpolation in rapidity space. 
Detailed hydrodynamic simulations fl^ also reinforce the conclusion that within 
the boost-invariant limit vorticity is negligible. 

Given that the two expressions for the polarization in the reaction plane are known 
for the firestreak model [see Eq. ( 19.121 )1 and the BGK model [see Eq. ( 19.201 )1. the 
measurement of the A polarization in the reaction plane could be a valuable tool of 
investigating the initial longitudinal geometry of the system. At the moment, the 
longitudinal geometry, and in particular- the longitudinal scale variation with en- 
ergy (i.e., if, how, and at at what energy initial conditions change from "firestreak" 
to "BGK") is not well understood 112751 . This understanding is crucial for both the 
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ri ri 

Figure 9.5 

Initial shear in the BGK model (a), as well as the firestreak model used in Ref. II263I (b) 

ESSl. 



determination of the EoS and the viscosity, since longitudinal geometry is corre- 
lated with the initial energy density, and hence to the total lifetime of the system 
and the time in which flow observables can form II276II . 

The measurement of the energy and system-size dependence of A polarization in 
the reaction plane at mid-rapidity could be a significant step in qualitatively assess- 
ing the perfection of the fluid, and determining at what energy the system enters a 
fluid-like behaviour. 

To investigate the difference between the two above discussed models, it is useful 
to calculate the ratio 



firestreak 



In the limit of cr^ ^ the system has no vorticity and thus, due to spin-orbit cou- 
pling, no polarization. While only at very low energies [where Eq. ( |9.20b and the 
BGK picture are untenable as approximations] the BGK and firestreak pictures ai^e 
compai^able, vorticity at BGK could still be non-negligible, provided that ~ 1. 
It should be stressed that c(s) and contain very different physics: In Ref. II263II . 
c(s) is interpreted as the number of partons into which the energy of the initial colli- 
sion is distributed. On the other hand, ci^ depends on the imperfection of "Bjorken" 
expansion (the correlation between space-time and flow rapidity). These two ef- 
fects, however, go in the same direction, although c(s) (In ^/s) is much less 
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Figure 9.6 

Ratio of BGK to firestreak predictions as a function of -y/s and (t^, the correlation length 
between space-time and flow rapidity, calculated using Eqs. (I9.14l i and (19.21b |2501. 



efficient at diminishing polarization than a small a^. 

Combining c{s) of Eq. (19.141) with Eq. (19.211 ). one obtains the ratio between BGK 
and firestreak expectations, and its dependence on energy and the pai^ameter cj^. 
The result is shown in Fig. 19.61 assuming cj^ ^ ul. This figure should be taken 
as an illustration for the sensitivity of the polarization measure to the longitudinal 
structure of the initial condition, rather than as a prediction of the polarization in 
the two models (as shown in Ref. II267II . the small-angle approximation used in 
Ref. II263II is in any case likely to be inappropriate). As can be seen, the effects of 
c(s) in the firestreak picture are only at low energies comparable to the effects of 
a non-negligible cr^ in the BGK picture (where the firestreak picture is thought to 
work better). At top RHIC energy, even at cr^ of one unit, the BGK polarization 
should be suppressed with respect to the firestreak expectation with about two or- 
ders of magnitude. This grows to several orders of magnitude for LHC energies. 
Connecting the experimental measurement of the A polarization to the initial con- 
dition is, however, non-trivial, as this observable is sensitive not just to the initial 
stage but also to the subsequent evolution of the system, up to the final freeze-out. 
In the following two sections we will qualitatively discuss the effect the later stages 
will have on the final observable. We will argue that, while the observable is likely 
to be modified by the subsequent evolution, a comparison of several kinds of po- 
larization could be useful in obtaining information about initial conditions, the 
mean-free path and the freeze-out scenario. 
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Figure 9.7 

Vorticity generated by a fast jet traversing the system in the positive a--direction. The 
arrows in the left panel show the momentum density of fluid elements in the {x, y) -plane, 
while the contour in the right panel displays the x-component of the velocity in the 
{y, 2;)-plane. The jet has been travelling for t = 11.52 fm through a static medium 127911 . 
The dashed arrows in the right panel indicate the expected direction of polarization of a 
A-particle (out of plane for left panel, tangentially in right panel). If the medium 
undergoes transverse and longitudinal expansion, the A position within the smoke ring is 
correlated with its mean momentum. Thus, measuring A polarization in the plane defined 
by its momentum and the jet momentum should yield a positive net result 12501 . 



9.3 Hydrodynamic Evolution, Polarization, and Jets 

In relativistic hydrodynamics, vorticity works somewhat differently than in the 
non-relativistic limit 11277 [ 12781 . While in non-relativistic ideal hydrodynamics, 
the conserved circulation is simply defined as V x relativistically the conserved 
vorticity is 

n = Vxw"fv, (9.22) 

where w is the enthalpy per particle. In the non-relativistic limit, where w ^ m and 
7 = 1, the usual limit is recovered. In a relativistic fluid with strong pressure and 
energy-density gradients, on the other hand, vortices can be created and destroyed 
even in perfectly smooth initial conditions, such as the BGK case described in the 
previous section. 

Since vorticity development is a highly non-linear phenomenon, quantitative de- 
tails require numerical simulations. Here, we consider the vorticity which devel- 
ops when a momentum source moving at the speed of light traverses a uniform 
relativistic fluid. This could be an appropriate description of the thermalized jet- 
energy loss (see also section 16.31 and chapter [8]), if the jet loses energy fast and 
locally. The calculation is done using a (3 + 1) -dimensional hydrodynamical pre- 
scription Illl4i The flow vector in the (x, y, z)-coordinate system, where the fluid 
is at rest (if co-moving with the collective flow), is shown in Fig. 19.71 parallel (left 
panel) and perpendicular (right panel) to the jet direction. 

The simulation shown in Fig. |9.7| is based on a jet energy-loss model that assumes 
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a high momentum gradient. It is not surprising that a large initial momentum gra- 
dient, such as that produced by a jet quickly losing energy, can introduce vorticity 
into the system. 

As shown in the simulation, these vortices ai^e stable enough to last throughout the 
lifetime of the fluid. Therefore, an interesting polarization measurement is to trig- 
ger on jet events and measure A polarization {P'l) in the plane perpendicular to 
the je? production plane. Since vorticity in such events exists independently of the 
global initial conditions, this measurement is sensitive only to the mean-free path 
and perhaps final-state effects. 

Fig. 19.71 also illustrates how such a measurement could be performed: the polar- 
ization axis is defined based on the (high-py trigger) jet direction. Since vortices 
above and below the jet move in opposite directions, it would be impossible to de- 
tect vorticity via polarization measurements in a static medium. 
If, however, a smoke ring occurs in a medium undergoing transverse or longitu- 
dinal expansion, the flow introduces a correlation between the A position within 
the smoke ring (and hence its polarization) and its average momentum (pa). Mea- 
suring the polarization of moderately high momentum but thermal A-particles (~ 
IQQMeV) in the plane defined by the A momentum and the jet direction should 
thus yield a non-zero result. 

We therefore propose to measure the polarization of jet-associated moderate 
momentum particles, in the plane defined by the jet direction and the direction of 
the particle. 

The observation of this polarization would be a strong indication of collective be- 
havior, since it signifies jet-induced vorticity. 

Unlike production-plane vorticity, jet vorticity does not depend on initial condi- 
tions, but should hold for a wide variety of jet energy-loss scenarios, provided the 
coupling between the system and the jet is strong. It is not at all clear, however, 
whether in the strongly-coupled regime (rather than the perturbative one, on which 
the calculations of Ref. II263II are based) vorticity will readily transform into quark 
polarization. The next section is devoted to this topic. 

9.4 Mean-Free Path and Polarization 

In a perfect fluid, angular momentum should not go into a locally preferred direc- 
tion, but into vortices where each volume element is locally isotropic in the frame 
co-moving with the flow. 

Such vortices should imprint final observables via longitudinal collective flow (e.g. 
odd Vn coefficients away from mid-rapidity), but not via polarization since any po- 
larization created would immediately be destroyed by subsequent re-interactions if 
the equilibration between gain and loss terms happens instantaneously ("a perfect 
fluid"). In this regime, the equations derived in section [9!2] ai'e no longer tenable 
because they assume unpolarized incoming particles and a coupling constant small 
enough for perturbative expansion. 

Keeping the first of these assumptions would violate detailed balanc^ while the 

^^Detailed balance means that PijQi = Pjiqj, i.e., that there is a balance between the states i and 
j. Here, Pij is the transition probability and qi the equilibrium probability of being in a state i. 
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second assumption is probably incompatible with a strong collective behavior. 
The local isotropy of a perfectly thermalized system was used II259II to suggest 
that the disappearance of the production-plane polarization observed in elementary 
collisions could be a signature of deconfinement. A first-order coiTcction becomes 
necessary if the size of the radius of curvature within the vortex becomes com- 
parable to the mean-free path imfp- The anisotropy would then be given by the 
deformation of a volume element of this size. In general, the polarization in any 
direction i (production, reaction, or jet) can be expressed as0 



(R*) ~ tanh 



C. (9.23) 



5 . , 

where {pj ) is the local direction of momentum in the laboratory frame and T the 
temperature. Thus, potentially, the amount of residual polarization which survives 
a hydrodynamic evolution (whether from initial geometry or from deformation of 
the system due to jets) is directly connected to the system's mean-free path. 
Therefore, determining the polarization rapidity dependence (in any plane, pro- 
duction, reaction, or jet, where it could be expected to be produced) could perhaps 
ascertain the rapidity domain of the QGP. If a (s)QGP is formed at cential rapidity, 
while the peripheral regions consist of a hadron gas, one should observe a sharp 
rise in production, reaction- and jet-plane polarization in the peripheral regions. 
The problematic aspect of using polarization for such a measurement is that it is 
sensitive to the late-stage evolution, including hadronization and the interacting 
hadron gas phase. 

As shown in Ref. II280I1 . an unpolarized QGP medium at freeze-out will produce a 
net production-plane polarization due to hadronic interactions. Similarily, unpolar- 
ized p-i-p and p-i-A collisions result in net hyperon polarization. While local detailed 
balance inevitably cancels out such local polarization, the rather large mean-free 
path of an interacting hadron gas, and the considerable pre-existing flow ensure 
that any interacting hadron gas phase should be well away from detailed balance, 
and hence likely to exhibit residual polarization. 

It then follows that the absence of a production-plane polarization is not only a 
strong indication of sQGP formation, but of a "sudden" freeze-out where particles 
are emitted directly from the QGP phase. 

The evidence of quark coalescence even at low momentum II281I . together with 
sudden-freeze-out fits II282[ 12831 . supports further investigation using the polariza- 
tion observable in any plane (reaction, production, and jet) where the vorticity in 
the hot phase is expected to be non-zero. 

If polarization in all directions is consistently measured to be zero, including events 
with jets and within high rapidity bins, it would provide strong evidence that the 
mean-free path of the system is negligible, and final-state hadronic interactions are 
not important enough to impact flow observables. However, a measurement of pro- 
duction plane, but not reaction-plane polarization proves that the initial state of the 



■•Here it is assumed that (P) = [e^''^--e"-^''^]/[e^/'^ + e-^''^] = tanh B/T ~ S/T, leading 
via spin-orbit coupling with a first-order approximation for the spin (that is of the order imfp) and 
the local angular momentum density to Eq. ( |9.24| >. 
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system is BGK-like and that the interacting hadron gas phase leaves a significant 
imprint on soft observables. (The BGK nature of the initial condition can then be 
further tested by scanning reaction-plane polarization in rapidity.) 
An observation of polarization in the jet plane could result in a further estimate of 
the mean-free path, showing that the jet-degrees of freedom are thermalized and 
part of the collective medium. 

A sudden jump in any of these polarizations at a critical rapidity might signal a 
sharp increase in the mean-free path, consistent with the picture of a mid-rapidity 
QGP and a longitudinal hadronic fragmentation region. Analogously, a drop of 
polarization while scanning in energy and system size could signal the critical pa- 
rameters required for a transition from a very viscous hadron gas to a strongly 
interacting quark-gluon liquid. 

Thus, motivated by the question if the vortex-like structures produced in a jet event 
(if momentum loss is sufficiently large) may lead to observable consequences, we 
discussed the connection of hyperon polarization to initial geometry and micro- 
scopic transport properties. However, since the polarization observable can be sig- 
nificantly altered by all stages of the evolution, a quantitative description remains 
problematic. Nevertheless, the proposed measurements (reaction plane, produc- 
tion plane, and jet plane polarization) might shed some light on several aspects of 
heavy-ion collisions that are not well understood yet. 

In the following, we will again focus on the mechanisms (i.e., the source term) 
of jet energy and momentum loss by comparing two completely independent and 
different approaches describing the interaction of the jet with a QGP, pQCD, and 
AdS/CFT 



Chapter 10 

Di-Jet Correlations in pQCD 
vs. AdS/CFT 



As already discussed in partHTl the Anti-de-Sitter/Conformal Field Theory (AdS/ 
CFT) correspondence 11208 1 12101 1211[ 12 121 is considered to be a feasible approach 
for describing a strongly-coupled medium (like possibly the QGP) although QCD, 
the theory appropriate for characterizing the QGP, is not a conformal field theory. 
In chapter 17] we reviewed that the propagation of a supersonic heavy quark moving 
at a constant velocity through a static strongly-coupled = 4 Supersymmetric 
Yang-Mills (SYM) background plasma at nonzero temperature Tq can be formu- 
lated using AdS/CFT which provides a detailed energy-momentum (stress) tensor 
II218II219T 12331 . It features the expected Mach-cone region (commonly named far 
zone) as well as the strong forward-moving diffusion wake (see Fig. 17.41 ). The far- 
zone response is well described in the strong-coupling limit of the J\f = 4 SYM 
plasma with a "minimal" shear viscosity to entropy density ratio r]/s = I/Att 
[which is close to the uncertainty principle limit 111611 1 11223 [ 12251 . 
However, we showed in the context of a hydrodynamic prescription (cf . chapter [8] 
and Ref. fl371) that the strong forward diffusion wake spoils the signature of the 
Mach cone which would result in a double-peaked structure. 
For AdS/CFT, such diffusion wakes were already presented in Refs. Il233[|284ll2851 
and it was demonstrated in Refs. ll230[|23lTl (as reviewed in section 1731 ) that in the 
strict supergravity limit, I, Qsym ^ ^ ^ ~ 9sym^c ^ 1, the far-zone 

wakes have such small amplitudes that they only lead to a single broad peak in 
the away-side hadronic coiTclation after a Cooper-Frye (CF) freeze-out of the fluid 
lfT29l . 

The azimuthal correlations of associated hadrons after applying such a CF freeze- 
out to an AdS/CFT source term calculated in Ref. 112331 (shown in Ref. 112311 . see 
Fig. 17.61 ) exhibit, however, an apparent conical signal which does not obey Mach's 
law and is due to the non-equilibrium neck zone, introduced in section 17.41 This 
neck zone is distinguished by a strong transverse flow relative to the jet axis (see 
Fig. 17. 51 ). inducing the conical correlation that even prevails after a CF thermal 
broadening at freeze-out. 

In section 1741 based on the considerations of Refs. 12291 12301 123 11 . the neck zone 
was defined as the region near the heavy quark where the local Knudsen number 
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h Kn = T\V ■ M\/\M\ > 1/3 [see Eq. (|731) and Fig. EH, where AP{t,x) = 
T°'{t, x) is the momentum flow field of matter and T = Arj/ (SsTq) > 1/ (SttTq) 
is the sound attenuation length which is bounded from below for ultra-relativistic 
systems |[T6ni223l . 

In AdS/CFT, this neck region is the field-plasma coupling zone where the stress 
tensor has a characteristic interference form depending on the coordinates, follow- 
ing 0{\/\T^/R^) 112 19[ 12201 . with R denoting the distance to the heavy quark in 
its rest frame. In contrast, the stress in the far zone has the chai^acteristic 0{Tq) 
form. In addition, very neai^ the quark the self-Coulomb field of the heavy quark 
contributes with a singular stress 0{-\f\/R'^) II218I . 

The above strong coupling AdS/CFT results served as a motivation to study whether 
similar- novel neai^-zone field-plasma dynamical coupling effects also arise in weak- 
ly-coupled perturbative Quantum Chromodynamics (pQCD) 111361 . 
In Refs. II1991 12031 1205II the heavy quark jet induced stress in a weakly-coupled 
QGP (wQGP in contrast to sQGP) generated by the passage of a fast parton mov- 
ing with a constant velocity was computed analytically in the linear-response ap- 
proximation based on the Asakawa-Bass-Miiller (ABM) II204II generalization of 
chromo- viscous hydrodynamics 112861 . The ABM generalization concentrates on 
the "anomalous diffusion" limit, where the conductivity is dominated by field 
rather than stochastic dissipative scattering dynamics. 

As in the AdS/CFT string-drag model, the generic far-zone Mach and diffusion 
wakes are also clearly predicted in the pQCD-based ABM formulation II 199 [12051 . 
exhibiting extremely similar patterns of the energy and momentum-density pertur- 
bations as displayed in Fig. 16.71 

In the following, we compai^e the azimuthal correlations obtained from AdS/ CFT 
II233II with the ones calculated from pQCD by solving numerically the full non- 
linear (3 + 1) -dimensional relativistic hydrodynamic equations using the SHASTA 
miOL supplemented with the chromo-viscous stress source derived in Refs. il99[ 
12031 and reviewed in section 16.51 

We specialize to the ideal-fluid case of vanishing viscosity to minimize the dissi- 
pative broadening of any conical congelations and therefore maximizing the signal- 
to-noise ratio. 

We emphasize that our aim here is not to address the current light quark/gluon jet 
RHIC coiTclation data, but to point out the significant differences between weakly 
and strongly-coupled models concerning the mechanisms of heavy quark energy 
loss that can be tested experimentally when identified heavy quark (especially bot- 
tom quark) jet correlations will become feasible to measure. We limit this study to 
the most favorable idealized conditions (uniform static plasma coupled to the ex- 
ternal Lorentz-contracted color fields). Distortion effects due to evolution in finite 
expanding plasma geometries will be discussed in the next chapter. 
Since the models for the weakly-coupled pQCD and strongly-coupled AdS/CFT 
prescriptions are shown to predict qualitatively different associated hadron corre- 
lations with respect to tagged heavy quark jets | 1361 . we propose that an identified 
heavy quark jet observable may discriminate between those approaches for the 
QGP dynamics in ultra-relativistic nuclear collisions at RHIC and LHC energies. 
It will be shown that while both models feature similar Mach and diffusion zones 
(see Fig. 16.91 ). they differ significantly in the neck region where strong chr^omo- 
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Figure 10.1 

The fractional-energy density perturbation Ae/eo = £(2:1, Xp)/eo — 1 (in the laboratory 
frame) due to a heavy quark with v = 0.9 in a QCD plasma of temperature Tq = 200 
MeV. The induced fluid stress was calculated using (3 + l)-dimensional hydrodynamics 
11 101 with the anomalous pQCD source of Neufeld 120311 . A trigger jet (not shown) 
moves in the (— i:)-direction. The away-side jet moves in i-direction and contours of 
Ae/eo = —0.15, 0.1, 0.2, 0.5, 0.7 are labeled in a comoving coordinate system with 
xi ^ X — vt and the transverse radial coordinate Xp in units of 1 /ttTq « 0.3 fm after a 
total transit time t = 5fm/c= 14.4/ {ttTq). The ideal Mach cone for a point source is 
indicated by the yellow dashed line in the xi — Xp plane. See Fig. ll0.2l for a zoom of the 
neck region inside of the black box 11361 . 

fields originating from the heavy quark jet couple to the polarizable plasma. The 
associated conical correlations from AdS/CFT are dominated (as demonstrated in 
Ref. II231II ) by the jet-induced transverse flow in the neck zone. However, in pQCD, 
the induced transverse flow in the neck region is too weak to produce conical cor- 
relations after a CF freeze-out. 

Thus, the observation of conical correlations violating Mach's law would favor 
the strongly-coupled AdS/CFT string-drag dynamics, while their absence would 
support weakly-coupled pQCD-based chromo-hydrodynamics. 

10.1 The Stress Zones 

Jet physics, below some transverse-momentum saturation scale II287II . depends on 
the properties of the medium and allows for testing different models of jet-medium 
coupling dynamics by studying the detailed angular and rapidity correlations. 
In the following, we demonstrate a striking difference between strongly-coupled 
AdS/CFT and moderate-coupling, multiple-collision pQCD transport models, and 
study their experimentally measurable consequences. 

Ignoring again the near-side associated coiTclations, the energy-density perturba- 
tion for a jet described by the pQCD source term ||199[I203II (see section |63] ) clearly 
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exhibits the Mach-cone region and diffusion wake (including the neck zone) as al- 
ready discussed in the context of the schematic source term of chapter [8] For the 
corresponding plot with the AdS/CFT source of Ref. II233I . see Fig. 17.51 
The energy-momentum (stress) tensor induced by the away-side heavy quark jet 
in both pQCD and AdS/CFT can be conveniently decomposed, as introduced in 
section 17.41 [see Eq. (17.61 )1 into four separate contributions 11229 [ 12301 1231II and is 
repeated here for convenience 



r^^(t, x) = T^it, x) + 5T^l^^{t, x) + 5Ti::^,{t, x) + ST^^.it, x) . (10.1) 



The static isotropic background stress tensor is assumed to be T^^ = diag(e, p, p, p), 
where e = KTq is the background energy density of a gas of massless SU (3) glu- 
ons with Kqcd = 87r^/15 (which we use for the hydrodynamical calculations 
applying the pQCD source term) whereas for SU{Nc) SYM Ksym = 37r2(iV2 - 
l)/8. In both cases, e = 3p and the background temperature is Tq. 
The Coulomb contribution to the energy-momentum tensor (^T^^^j(t, x) arises 
from the near-zone Lorentz-contracted Coulomb field that remains attached to the 
heavy quark since we consider only moderate but supersonic velocities Cg < v < 
0.9. We can therefore neglect radiative energy loss that dominates in the ultrarel- 
ativistic case. The bare comoving Coulomb self-field stress has the singular form 
^'^Coui iri the quark rest frame. 

In both pQCD and AdS/CFT cases we subtract this vacuum self-field stress as 
in Refs. II233[ 12841 . In other words, the zero-temperature contribution to the in- 
medium stress tensor is always subtracted. While in AdS/CFT the form of the 
Coulomb tensor is known exactly II218II . in pQCD this contribution can only be 
calculated perturbatively. The leading-order expression for the chromo-fields pro- 
duced by the source in pQCD, in the limit where the dielectric functions are set to 
unity, displays the same Lienard-Wiechert behavior as in AdS/CFT. 
The far-zone "Mach" part of the stress can be expressed in terms of the local 
temperature T{t,x) and fluid flow velocity fields u^{t,x) through the first-order 
Navier-Stokes stress form, given by Eq. (17.71 ) 



The theta function in this equation defines the "far zone" that includes the Mach and 
diffusion linearized hydrodynamic sound waves. In the far zone, the equilibration 
rate is over three times the local stress gradient scale, and first-order Navier-Stokes 
dissipative hydrodynamics provides an adequate formulation of the evolution in 
that zone. 

In AdS/CFT, the hydrodynamic description was shown to be valid down to dis- 
tances of roughly 3/(7rr) II229II (see also 112321 for an analysis of the far zone). 
Within a thermal Compton wavelength of the heavy quark the near neck zone is in 
general a non-equilibrium region strongly influenced by the coupling of the heavy 
quark's bare classical Coulomb field to the polarizable plasma. 




xe{l - 3K7i) 



(10.2) 
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10.2 The pQCD Source Term 

We use the nonlocal pQCD source term, J'^{x), derived in Ref. 11203 L to drive 
the perfect fluid response of a pQCD fluid assuming 77 = in order to maximize 
any pQCD transport-induced azimuthal conical signature. Nonzero viscosity, of 
course, washes out some of the induced coiTclations as shown in Ref. 11205 II . 
However, our main finding below is that even in this perfect = hydrodynamic 
Umit the pQCD induced correlations are too weak to generate conical correlations 
after freeze-out. 

Thus, we consider only the rj/s = limit of the full anomalous chromo-viscous 
equations derived in Refs. [ 204] and retain the anomalous diffusion-stress Neufeld 
source 112031 . We can rewrite Eqs. (6.2) - (6.11) of Ref. 112041 in the more familiar- 
covariant Joule heating form (for details of this analogy see appendix |F| 

g^rj.f,u ^ ju ^ puaaja ^ (F'^" V„/37 * i^^^ , (10.3) 

where F^^'^{t, x) is the external Yang-Mills field tensor and 

J%t,x)= I ^e^f^'^-rik) (10.4) 

is the color current that is related via Ohm's law to F^'^°-{k) thr^ough the (diag- 
onal in color) conductivity rank- three tensor C7^a(}{k)- The * denotes a convolu- 
over the nonlocal non-static conductive dynamical response of the polarizable 
plasma. 

The covariant generalization of Neufeld's source is most easily understood through 
its Fourier decomposition, 

J:{k) = a,,,a{k)F^'''%k) , (10.5) 

with the color conductivity expressed as in Refs. Il288ll289ll290l 

^yucBik) = ig^ [ d^p , ^^^"^ , (10.6) 

where fo{p) = 2 (iV^ — l) G{p) is the effective plasma equilibrium distribution 
with G{p) = {2TT^y^9{po)S{p'^)/{ePo/'^ - 1). Here, u^' is the 4-velocity of the 
plasma as in Eq. (110.21 ). 

For an isotropic plasma u^a^apik) = —af^a{k). In the long-wavelength limit, 
Ufsa^'^^^k ^ 0) = -r*m|, 5(^"/3, where mjj = g^T'^ is the Debye screening 
mass for a non-interacting plasma of massless SU{?>) gluons in thermal equilib- 
rium. 

The relaxation or decoherence time r* in Eq. (110.61) has the general form noted in 
Ref. IMI 



4 = i + i + i. (.0.7) 



Joule heating is the process by which the passage of an electric current through a conductor 
releases heat. 
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with the coUisional momentum-relaxation time II1611 12861 

-1 



r„ oc 



aiTln ( — 



'■s " 



(10.8) 



the color-diffusion time defined in Ref . II288II 

-1 

(10.9) 



T, 



c 



a^NcT In 



and the anomalous strong electric and magnetic field relaxation time derived in Eq. 
(6.42) of Ref. IEQI 

Tan CC ^^^^^^^ . (10.10) 

We note that this expression can be written in terms of the local Knudsen number 
Kn = Ts/L used in Eq. (flMl l 

ra„oc^^=l==, (10.11) 

with L being a characteristic stress gradient scale. However, because of r/ oc t*sT, 
Eq. (110.111 ) is really an implicit equation for Tan- 
Combining these relations and taking into account the uncertainty-principle con- 
straint 11611 that bounds t* ^ 1/ (3T) for an ultra-relativistic (conformal) plasma, 
we have 

^ oc T (^ai / In g^^ + a2 In + 03 gVWnj ~ 3T , (10.12) 

where ai , 02 , 03 are numerical factors. In the near zone close to the quark, Kn 
becomes large, and Tan can be the dominant contribution to the relaxation time r* 
in the presence of strong classical field gradients. 

There is a subtle point in the application of Eq. (110.121 ) to our heavy quark jet 
problem. In order to neglect viscous dissipation in the pQCD response, the relax- 
ation rate must be very large compai^ed to the characteristic gradient scale. Hence, 
in the far zone at least the imaginary part of the conductivity denominator in Eq. 
(110.61 ) must be large and dominant. However, in the neck region the field gradients 
become very large and the relevant wave numbers of the hydrodynamic response, 
K » 3T, exceed the uncertainty-limited equilibration rate. Since we only need 
to consider the conductivity in the asymptotic lai^ge K limit in the near zone, it 
becomes possible to neglect the ~ iST maximal relaxation rate in the energy de- 
nominator and to formally set 1/r* — > 0"'" - if the coupling were parametrically 
small [which is assumed in Eqs. (53) - (56) of Ref. II203II 1. 

Only in this high-frequency, high-wave number limit, relevant for the neck zone 
physics, the color conductivity is computable as in Ref. 112031 . 
The neglect of dissipation in the neck zone maximizes the acceleration of the 
plasma partons, which can subsequently generate transverse collective plasma flow 
relative to the jet axis. We have to check numerically whether this maximum 
transfer of field energy-momentum from the field to the plasma is sufficiently 
anisotropic to generate a conical correlation of the associated hadron fragments. 
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10.3 Freeze-out Procedures 

As mentioned previously, we consider here only the idealized static medium to 
maximize the plasma response signal. Distortion effects due to e.g. transverse 
expansion, while important for phenomenological comparisons to heavy-ion data, 
however obscure the fundamental differences between weakly and strongly-coupled 
dynamics that is our focus here. Given the lai^ge theoretical systematic uncertainty 
inherent in any phenomenological model of non-perturbative hadronization, we 
consider two simple limits for modeling the fluid decoupling and freeze-out. 
In one often used limit, the fluid cells are frozen-out via the CF prescription on an 
isochronous hypersurface. This scheme takes into account maximal thermal broad- 
ening effects. In the opposite limit, we assume an isochronous sudden breakup 
or shattering of fluid cells conserving only energy and momentum and avoiding 
hadronization altogether as described in detail in section [3^ and is shortly reviewed 
below for convenience. The difference between the two schemes provides a mea- 
sure of the systematic theoretical uncertainty associated with the unsolved problem 
of hadronization. 

In the CF method, the conversion of the fluid into free particles is achieved instan- 
taneously at a critical surface dS^ 11291 . If we assume such a freeze-out scheme, 
the particle distributions and coiTclations can be obtained from the flow velocity 
field u^^{t, x) and temperature profile T{t, x). 

For associated (massless) particles withp'^ = cos(7r — sin(7r — (^), 0) 

the momentum distribution at mid rapidity y = is [cf. Eq. (13.361 )1 



where /o = exp[— n^p^/T(t, x)] is a local Boltzmann equilibrium distribution. 
No viscous corrections to Eq. (110.131 ) are included since we are working here in 
the perfect-fluid limit with rj = Q. We subtract the isotropic background yield via 
feq = /|nA'=o,T=To- Morcovcr, wc follow Rcfs. ll83l 12311 12461 and perform an 
isochronous freeze-out where dY,^ = d? x (1, 0, 0, 0). 

We remark that the absence of well-defined quasi-particle states in AdS/CFT plas- 
mas at large t'Hooft coupling indicates that CF can, at best give a qualitative idea 
of the observable hadron-level angular correlations 11229 [ 12301 12311 . Moreover, 
even in the pQCD quasiparticle limit, CF freeze-out remains a strong model as- 
sumption. In the pQCD case, in the associated py-range of interest a coales- 
cence/recombination hadronization scenario II134[ 12481 may be more appropri- 
ate. However, we expect similar CF thermal broadening effects if coalescence 
hadronization is assumed and full three-momentum conservation is taken into ac- 
count. 

As an alternate freeze-out scheme we consider a calorimetric-like observable given 
by the momentum density weighted polar angle distribution relative to the jet axis: 




(10.13) 




cells 
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Figure 10.2 

A magnified view of the near "neck" zone shows the relative local-energy density 
perturbation Ae/eo and fluid-flow directions induced by a heavy supersonic quark jet 
moving with v = 0.9. As in Fig. 110. ll the pQCD contours were computed using 
(3 + l)-dimensional hydrodynamics IllOl , including the source term from Ref. I203II (left 
panel). The AdS/CFT neck zone 12291 12301 123 111 (right panel) uses numerical tables from 
12331 . The purple dashed line indicates the ideal far-zone point-source shock angle. The 
heavy quark is at the origin of these comoving coordinates. The arrows indicate both 
direction and relative magnitude of the fluid flow velocity. The numbers in the plot label 
the contours of constant Ae/eg- Note that Ae/eo is larger in pQCD but that the 
transverse flow generated near the quark is much stronger in the AdS/CFT model 11361 . 



This quantity differs from CF mainly by the neglect of the thermal smearing at 
the freeze-out time, and thus it maximally amplifies the angular anisotropy of the 
associated hadrons. The very strong assumption in this decoupling scheme is that 
hadrons from each frozen-out cell emerge parallel to the total momentum of the 
cell VI = Sx T^'''{tf,x). Here 9 = tt — 9 trigger is the polar angle with respect to 
the away-side heavy quark jet. 

Many other similar purely hydrodynamic measures of bulk flow are possible ll82l . 
e.g. weighted by entropy instead of momentum density. However, we found no 
qualitative differences when the weight function is changed. We used a narrow 
Gaussian approximation to the Dirac delta in Eq. (110.141 ) with a Acos^ = 0.05 
width and checked that the results did not change significantly if the width was 
varied by 50%. 

Our intention is not to decide which hadronization scheme is preferred but to ap- 
ply these two commonly used measures to help quantify the observable differ- 
ences between two very different approaches to jet-plasma interactions (pQCD x 
AdS/CFT). 

The CF freeze-out employed here and in Refs. |[83ll231l[246ll is especially question- 
able in the non-equilibrium neck region but provides a rough estimate of intrinsic 
thermal smearing about the local hydrodynamic flow. 

In Fig. 110.21 we show the relative local energy disturbance and flow profile in the 
neck region created by a v = 0.9 jet in both pQCD and AdS/CFT. The relative 
transverse flow in the neck zone in AdS/CFT is significantly larger than in pQCD 
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and as we show below this is reflected in the final angular correlations from that 
region in both hadronization schemes. 

10.4 Freeze-out Results in pQCD 

The initial away-side heavy quark jet is assumed to start at t = and xi = —4.5 
fm. The freeze-out is done when the heavy quark reaches the origin of the coor- 
dinates at time tf = 4.5/f fm. This provides a rough description of the case in 
which a uniformly moving heavy quark punches through the medium after passing 
through 4.5 fm of plasma. 

The numerical output of the SHASTA code is the temperature and fluid flow ve- 
locity fields T{t,x) and u{t, x). The hydrodynamic equations were solved in the 
presence of the source term J''^{t,x) computed analytically in Ref. [ 203 ] in the 
limit where the dielectric functions that describe the medium's response to the 
color fields created by the heavy quark were set to unity. The effects from medium 
screening on J''^ were studied in detail there. In our numerical calculations we used 
Xprnax = I/tti/) as an infrai^ed cutoff while the minimum lattice spacing naturally 
provided an ultraviolet cutoff. The background temperature was set to Tq = 0.2 
GeV and we assumed Og = g"^/ (Att) = l/vr in our calculations involving the 
pQCD source. 

The results for the bulk flow according to Eq. (110.141 ) in pQCD ai^e shown in the 
upper panel in Fig. 110.31 The curves are normalized in such a way that the largest 
contributions are set to unity. For all velocities studied here, the pQCD bulk energy- 
flow distribution has a large forward-moving component in the direction of the jet. 
In the far zone, this forward-moving energy flow corresponds to the diffusion wake 
studied in Refs. |[83lll37ll . The red curve with triangles in the upper panel of Fig. 
[103] corresponds to the yield solely from the neck region for u = 0.9. The very 
small dip at small 6 = is mostly due to the weak pQCD neck zone but most of 
the momentum flow from both neck and diffusion zones is directed around the jet 
axis. 

The relatively small transverse-energy flow in the neck region is evident on the left 
panel of Fig. [T0!2] in contrast to the much larger transverse flow predicted via AdS 
in that near zone. The Mach cone emphasized in Refs. II1991 12051 is also clearly 
seen but its amplitude relative to the mostly forwai^d diffusion zone plus neck con- 
tribution is much smaller than in the AdS/CFT case. The weak Mach peak roughly 
follows Mach's law as v approaches Cg. 

In Fig. 110.41 our CF freeze-out results for the associated away-side azimuthal dis- 
tribution for V = 0.58, 0.75, 0.9 at mid-rapidity and pr = SttTq ~ 3.14 GeV tight 
hadrons ai^e shown. The pQCD case, computed from the hydrodynamical evolu- 
tion, is shown in the upper panel. We again define the angular function 



CF{cl>) 



1 \ dN{cp) 



(10.15) 



'max [pTdpTdyd4> 



J y=0 



where N^ax is a constant used to normalize the plots (this function is not positive- 
definite). The pQCD angular distribution shows only a sharp peak at = vr for all 
velocities. 



118 



10 Di-Jet Correlations in pQCD vs. AdS/CFT 




Figure 10.3 

The (normalized) momentum-weighted bulk-flow angular distribution as a function of 
polar angle with respect to the away-side jet is shown for v = 0.58 (black), v = 0.75 
(magenta), and v = 0.90 (blue) comparing pQCD anomalous chromo-hydrodynamics to 
the AdS/CFT string-drag model 1215112331 . The red line with triangles represents the 
neck contribution for a jet with v — 0.9 and the arrows indicate the location of the ideal 
Mach-cone angle given by cos 6m ~ Cg/v, where Cs = l/-\/3 01361 . 



The red curve with triangles denotes the contribution from the pQCD neck region 
for V = 0.9. The different peaks found in the bulk-flow analysis of the pQCD data 
shown in the upper panel in Fig. I10.3l do not survive CF freeze-out. It was checked 
that no other structures appear if we either double px to 5 GeV or increase ag to 
0.5 (see below). We conclude that the strong forward-moving diffusion zone as 
well as the mostly forward bow shock neck zone dominate the away-side peak and 
that the thermal broadened Mach coiTclations are too weak in pQCD to contribute 
to the final angular correlations. 
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Figure 10.4 

Normalized (and background subtracted) azimuthal away-side jet associated correlation 
after a Cooper-Frye freeze-out CF(0) for pQCD (top) and AdS/CFT from Il230ll23l1 
(bottom). Here CF{(I>) is evaluated at pT ~ SttTq ~ 3.14 GeV and y = 0. The black line 
is for 1) = 0.58, the magenta line for v = 0.75, and for the blue line v = 0.9. The red line 
with triangles represents the neck contribution for a jet with v = 0.9 113611 . 



10.5 Freeze-out Results in AdS/CFT 

We used the same setup employed in Ref. 11229 [ 12301 12311 to perform the CF 
freeze-out of the M = 4 SYM AdS/CFT data computed by Gubser, Pufu, and 
Yarom in Ref. II233II . They calculated the energy-momentum disturbances caused 
by the heavy quark, which in this steady-state solution was created at t — > — cxd and 
has been moving through the infinitely extended J\f = 4 SYM static background 
plasma since then. The freeze-out is computed when the heavy quark reaches the 
origin of the coordinates. The mass of the heavy quark M in the AdS/CFT calcu- 
lations is such that M/Tq » \/A, which allows us to neglect the fluctuations of the 
string llITTllira . 
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At Nc = 3 the simplifications due to the supergravity approximation are not strictly 
valid but it is of interest to extrapolate the numerical solutions to study its phe- 
nomenological applications. We choose the plasma volume to be the forward 
light-cone that begins at xi = — 4.5 fm and has a transverse size of Xp < 4.5 
fm at To = 0.2 GeV (our background-subtracted results do not change when larger 
volumes were used). This choice implies that we assumed the same background 
temperature for both pQCD and AdS/CFT. 

The mapping between the physical quantities in = 4 SYM and QCD is a highly 
non-trivial open problem (see, for instance, the discussion in Ref. II291I ). We there- 
fore again use CF and bulk-momentum flow as two extreme limits to gauge possi- 
ble systematic uncertainties. 

The (normalized) bulk-momentum flow associated with the AdS/CFT data, com- 
puted using Eq. (110.141 ). is shown in the lower panel of Fig. 110.31 It demon- 
strates that in AdS/CFT there are more cells pointing into a direction close to the 
Mach-cone angle than in the forward direction (diffusion zone) when v = 0.9 and 

V = 0.75, unlike in the pQCD case displayed in the upper panel. However, when 

V = 0.58, the finite angle from the Mach cone is overwhelmed by the strong bow 
shock formed in front of the quark, which itself leads to a small conical dip not at 
the ideal Mach angle (black arrow). 

The red line with triangles in the bottom panel of Fig. 110.31 shows that the relative 
magnitude of the contribution from the neck region to the final bulk-flow result in 
AdS/CFT is much smaller than in pQCD. However, the small amplitude peak in 
the AdS/CFT neck curve is located at a much larger angle than the corresponding 
peak in the pQCD neck, as one would expect from the transverse flow shown Fig. 
110.21 Moreover, one can see that a peak in the direction of the trigger particle can 
be found for all the velocities studied here. This peak represents the backward flow 
that is always present due to vortex-like structures created by the jet as discussed 
in detail in Ref. |[250ll and chapter |9l 

Our results for the CF freeze-out of the AdS/CFT solution for v = 0.58, 0.75, 0.9 
at mid-rapidity and pT = ^ttTq ~ 3.14 GeV are shown in the lower panel in Fig. 
110.41 A double-peak structure can be seen for v = 0.9 and v = 0.75. However, the 
peaks in the AdS/CFT correlation functions do not obey Mach's law. The reason 
is that these correlations come from the neck region with a strong transversal non- 
Mach flow II229II2301 12311 . This is explicitly shown by the red curve with triangles 
that represents the neck contribution for a jet with v = 0.9 as in Fig. 110.31 For 

V = 0.58, the resulting flow is not strong enough to lead to non-trivial angular cor- 
relations. The negative yield present in the CF curves for v = 0.58 and v = 0.75 
results from the presence of the vortices discussed above and in chapter |9l 

In general ||229[ 12301 123 IL the weak sound waves produced by a jet do not lead 
to a cone-like signal independently of the detailed flow and interference patterns 
because thermal smearing washes out the signal. Formally, if linearized hydro- 
dynamics applies and in the low-momentum limit (u ■ p << T), the associated 
hadron away-side distribution is only a very broad peak about (p = tt regardless 
of the detailed combination of Mach wakes, diffusion wakes, or vortex circulation 
|[83l 12291 12301 123 1 1 1250II . This result involving CF freeze-out can only be circum- 
vented either in regions with high flow velocities and large gradients as in the neck 
zone 1122911230112311 . or by increasing px to unrealistically high values l[83l 12461 . 
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Figure 10.5 

The (normalized) momentum weighted bulk-flow angular distribution (left panel) and the 
normalized (and background-subtracted) azimuthal away-side jet-associated correlation 
after a CF freeze-out (right panel) using the pQCD source term for ~ 0.5 (in contrast 
to the previous plots with as — I/tt) for v ~ 0.58 (black), v — 0.75 (magenta), and 

V = 0.9 (blue). The red line with triangles represents the neck contribution for a jet with 

V = 0.9. The Ci^(0) is evaluated atpx = SttTq - 3.14 GeV. 



One of the main differences between the two freeze-out procedures employed 
above (in both AdS/CFT and pQCD) concerns the relative magnitude of the con- 
tribution from the neck region to the final angular correlations: the neck region 
is much more important in CF than in the bulk-flow measure computed via Eq. 
(I10.14I ). This is due to the exponential factor in CF, which largely amplifies the 
contribution from the small region close to the jet where the disturbances caused 
by the heavy quark become relevant. 

We checked, as akeady mentioned previously, that the result is independent of 
as (see Fig. 110.51 ) by setting the coupling constant to g = 2.5, or equivalently 
as = 0.5. Since it is known II292II that Os = 1/2 is the critical coupling for 
charged bosons (in a a^/r potential), it can be considered as critical pQCD case. 
Summarizing, we showed that the angular correlations obtained after an isochronous 
Cooper-Fiye (CF) freeze-out of the wake induced by punch-through heavy quark 
jets (in a static medium) in the Neufeld et al. pQCD model of anomalous chromo- 
viscous hydrodynamics do not display a conical structure. This should be com- 
pared to the conical-like structures seen after CF freeze-out of the strongly-coupled 
AdS/CFT string-drag model which, however, are unrelated to Mach's law and re- 
sult from a strong flow in the transverse direction that is absent for the pQCD 
source term (see Fig. 110.21 ). 

Unlike AdS/CFT, the conical flow from the associated non-equilibrium neck zone 
in pQCD (see the red region in the left panel of Fig. 110.21 ) and the red curve in Fig. 
110.31 ) is too weak to survive CF freeze-out. In both cases, the actual Mach wakes 
do not appear after standard CF freeze-out. Mach-like peaks are only observable 
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in the sudden shattering freeze-out scenario described in Eq. (110.141 ) in both pQCD 
and AdS/CFT, in which thermal broadening is entirely neglected. 
The neck region (in both pQCD and AdS/CFT) gives the largest contribution to 
the total yield in CF freeze-out while its contribution in the other extreme case in- 
volving the bulk-flow hadronization is not as relevant. This indicates that the mag- 
nitude of the neck's contribution to the final angular correlations is still strongly 
model-dependent. Nevertheless, our results suggest that conical but non-Mach law 
correlations are much more likely to appear in AdS/CFT than in pQCD. 
We therefore propose that the measurement of the jet velocity dependence of the 
associated away-side correlations with identified heavy quark triggers at RHIC and 
LHC might provide important constraints on possible pQCD versus AdS/CFT dy- 
namical non-Abelian field-plasma (chiomo-viscous) coupling models. 
The isochronous hypersurface we used is needed in order to compare AdS/CFT to 
pQCD since AdS/CFT heavy quark solutions have only been computed so far in a 
static medium. For realistic simulations that can be compared to data, effects from 
the medium's longitudinal, transverse, and elliptic flow must be taken into account 
which will be discussed in the next chapter. 



Chapter 11 



Conical Correlations 

in an Expanding Medium 

The investigations discussed in the previous chapters focused on the prescription 
of jet energy and momentum loss by reducing the problem to the most simple case 
of a static background. This simplification allowed to elaborate detailed reactions 
of the medium to the jet deposition, like the formation of the diffusion wake (see 
chapter [H). Moreover, a pQCD source term could be compared to a jet scenario 
using AdS/CFT (see chapter [TOl ) since the latter prescription always considers an 
infinite, static, and homogeneous background. 

However, the real experimental situation is different in two ways. First, the medium 
created in a heavy-ion collision expands rapidly. Thus, even assuming that the sys- 
tem equilibrates very quickly |l9l[T0l[Ill[l2l[T3l|46l, i.e., behaves like a "perfect 
fluid" |[T5l[T6ll . and a Mach cone is formed, the elliptic and radial expansion will 
interact with the flow profile created by the jet and cause a distortion of this Mach 
cone as predicted in Ref. II170II . Hence, Mach cones are sensitive to the background 
flow. This is a qualitative model-independent effect. 

Second, it turned out HOl [HI [HI US that the number of observed jets at RHIC is 
by an order of magnitude lower than expected (also pointing into the direction that 
the matter created is an opaque, high-density medium where jets quickly thermal- 
ize). This means that it is unlikely, but not impossible to have more than one jet in 
a single event which by itself might lead to new effects 112931 . However, the crucial 
point is that the experimentally determined two- and three-particle correlations (see 
chapter|2l) consider many different events and thus different jet trajectories thi^ough 
the medium. Due to the interaction with radial flow, these jet paths may result in 
different contributions to the azimuthal correlations. Those patterns show that (the 
issue of background subtraction is discussed controversally) a two-peaked struc- 
ture appears on the away-side which is interpreted in a way that a Mach cone is 
formed during the process of the collision, completely neglecting the multi-event 
situation. 

Therefore, as already discussed by Chaudhuri II2361 12371 . many different possible 
paths of a jet through the medium have to be taken into account. 
As demonstrated in Refs. |[83l[T37ll230l 12311 l246l . two factors strongly go against 
a conical correlation even in a perfect fluid. The thermal broadening intrinsic to 
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a Cooper-Frye freeze-out results to first order in p^/T (see the No-Go Theorem 
of section 17.51 ) in a broad away-side peak. Also, the diffusion wake formed (if the 
momentum deposition is larger than a certain threshold II137[ 12461 ) contributes to 
one away-side peak opposite to the trigger-jet direction, generally overwhelming 
any conical signal (see chapter [8]). 

Nevertheless, while the conclusive detection of Mach cones would provide evi- 
dence for the perfect-fluid behavior, the opposite is not the case though it implies 
that the double-peaked structure cannot directly be compared to the EoS. 
As akeady mentioned above, the expansion of a system created in a heavy-ion col- 
lision certainly influences any kind of jet-deposition scenario. It was suggested 
that the diffusion- wake contribution can be reduced by radial flow II235II . and it 
was shown that longitudinal flow may cause a broadening of the away-side peaks 
11202 H . Thus, for a realistic simulation, all those effects have to be considered. 
In the following, we study an expanding medium with Glauber initial conditions 
II121II (see appendix IB]). corresponding to a y4n-nucleus with r = 6.4 fm. We focus 
on radial flow only, i.e., the medium we investigate is elongated over the whole 
grid, forming a cylinder expanding in radial direction. Moreover, we only consider 
most central collisions with an impact parameter of 6 = fm (thus neglecting 
any elliptic flow contribution), and assume that the maximum temperature of the 
medium is 200 MeV. 

Like in previous chapters, we solve the ideal hydrodynamic equations applying an 
ideal gas EoS for massless gluons. We choose the following ansatz for the energy 
and momentum deposition of the jet [cf. Eq. (18.41 )1 
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with the proper-time interval of the jet evolution tj — Ti, the energy and mo- 
mentum loss rate dM'^ /dr = {dE/dr, dM /dr), the location of the jet xjet, and 
a = 0.3 fm. In non-covaiiant notation, this source term reads 
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where we use dE/dt^ = 1 GeV/fm and dM/dto = \/vdE / dt^. Like in chapter 
[8] and Refs. II1371 12461 . we study both jet energy and momentum loss as well as 
pure energy loss in the context of an expanding medium to investigate the impact 
of the (radial) expansion and thus the significance of Unearized hydrodynamical 
approaches as used in Refs. |[83lll99i 

Since we are using a dynamical background, the source term, unlike in Eqs. (18.4b 
and (18. 51 ). scales with the temperature, based on the assumption that the source is 
proportional to the density of colored particles. Additionally, a temperature cut is 
applied to ensure that no deposition takes place outside the medium, i.e., below 
a temperature of Tc = 130 MeV. In Ref. II137II it was shown that the azimuthal 
correlations obtained after freeze-out do not change significantly when jets decel- 
erate during their propagation according to the Bethe-Bloch formalism, creating a 



Figure 11.1 

Schematic representation of different jet paths assuming that surface emission is the 
dominant effect in heavy-ion collisions. The right panel shows the reduction of paths due 
to reasons of symmetry for a medium with vanishing impact parameter, b — fm. Those 
jet trajectories will be studied below. 

Bragg peak. Given that we are interested in the modifications of such correlations 
due to an expanding background, we may therefore simplify to the study of jets 
propagating with a constant velocity. 

However, each parton moving through a medium will eventually be thermalized 
after the deposition of all its initial energy. Since jets are always created back-to- 
back, this energy is equal to the one of the trigger jet. 

Below, we consider a 5 GeV and a 10 GeV trigger parton which corresponds to 
trigger-pT 's of p^'^ = 3.5 and 7.5 GeV assuming that a fragmenting jet creates 
particles with ~ 70% of its energy, allowing for an easier comparison to experi- 
mental data (see e.g. Fig. 12.61 ). 

Experiment can only trigger on the jet direction, but not on the origin of the jets 
formed. Thus, one has to consider different starting points for the jet (see Fig. 
111.11 ). Due to reasons of symmetry (cf. Fig. 111.11 ). the number of paths that need 
be studied in most central collisions reduces drastically. The jet itself is always 
taken to propagate along a certain direction, here the positive x-axis, but its origin 
is varied according to 

X = rcoscj), y = rsm(j), (11-3) 

where r = 5 fm is chosen which is close to the surface of the medium. We as- 
sume that surface emission is the dominant effect of jet events in heavy-ion col- 
lisions, i.e., we suppose that jets are mainly created close to the surface of the 
the expanding medium (see Fig. 111.11 ). Here, we consider = 90, 120, 150, 
180, 210, 240, 270 degrees. According to azimuthal symmetry, the results for 
(p = 210, 240, 270 degrees are obtained by reflecting the corresponding data for 
(p = 90, 120, 150 degrees. 

As can be seen from Fig. 111.21 the energy and thus the momentum deposition is 
not constant, but varies because of the temperature dependence in Eq. (111.11 ) with 
the jet path. For the 5 GeV jet, the cut for depositing the total amount of energy 
is clearly visible for the most central jets (see e.g. solid red line in Fig. 111.21 ). Of 
course, it is a strong model assumption that dE/dt\Q and dM/dt\o are the same for 
a 5 and a 10 GeV jet. 
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Figure 11.2 

Jet energy deposition as a function of time for jets depositing 5 GeV (left panel) and 
10 GeV (right panel) along the different trajectories introduced in Fig. II 1.1 1 For the 
5 GeV jet, the cut in the total amount of deposited energy is clearly visible for the most 
central jets. 



There is a qualitative difference between a 5 GeV and a 10 GeV jet. The 5 GeV 
jet will stop aiound the middle of the medium. Thus, it will mainly move against 
the background flow. A 10 GeV jet, on the contrary, will cross the middle of the 
medium and be thermahzed before it reaches the opposite surface. Therefore, it 
also propagates a larger distance parallel to the flow. 

The temperature pattern of four different jets (Jet 90, Jet 120, Jet 150, and Jet 180 
according to Fig. 111. ll) at the moment of freeze-out, i.e., when the temperature of 
all cells has fallen below Tc = 130 MeV, are shown in Fig. ll 1.3l The background 
flow leads to a distortion of the conical structure, resulting in different contribu- 
tions to the away-side coiTclations as will be discussed below in detail. 
A crucial aspect of hydrodynamical applications to heavy-ion collisions is the con- 
version of the fluid into particles, the freeze-out (see e.g. section 13.71) . While an 
isochronous freeze-out, which means that the conversion appears at a certain time 
tf, can be an adequate prescription for a static medium, this assumption might not 
be reasonable for an expanding medium. Nevertheless, it should be mentioned that 
the "blast wave" model II294I which is based on the isochronous freeze-out repro- 
duces experimental results quite well. 

In appendix |G] we show that the space-time distribution of temperature is severely 
deformed by the jet. This can be seen by plotting the isothermal hypersurface, i.e., 
the space-time profile of the fluid cells falling below a certain critical temperature 
(that was chosen to be Tc = 130 MeV in the present study, see Fig. lG.ll) . Moreover, 
(cf. Figs. IG.2 1 and IG.3I) . we demonstrate that the particle distributions obtained for 
a jet passing thi^ough the middle of the medium (Jet 180 in Fig. 111. ll ) obtained via 
an isochronous and an isothermal CF freeze-out are very similar. 
This suggests that an isochronous prescription, though a strong model assumption, 
does not severely alter the results as compared to an isothermal freeze-out. Such 
an isochronous CF conversion is used below, performed when all cells are below 
the critical temperature of Tc = 130 MeV, for both the jet-i-medium and, indepen- 
dently, the background simulations. 



11.1 Two-Particle Correlations in an Expanding Medium 
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Figure 11.3 

The temperature pattern of four different jets (Jet 90 upper left panel. Jet 120 upper right 
panel. Jet 150 lower left panel, and Jet 180 lower right panel) with varying origins is 
shown at the moment of freeze-out, i.e., when the temperature of all cells has fallen below 
Tc = 130 MeV. The distortion of the conical structure is clearly visible which produces 
different contributions to the away-side correlations displayed below. 



11.1 Two-Particle Correlations in an Expanding Medium 

One major difference between the experimental situation and the hydrodynamical 
calculation proposed above is that the trajectory of the jet is known by definition in 
the latter case. However, it is possible to simulate the experimental procedure by 
convoluting the CF freeze-out results, which only consider the away-side jets, with 
a function representing the near-side jet 

(here a = 0.4 fm), resulting in a two-particle correlation 



PTdprdydcj) J prdpTdydcl) 



where A is an arbitrary amplitude chosen to adjust the heights of the near-side jet. 
This signal is then background-subtracted and normahzed via 



cm = 



dN^on{(t>) t^iVback(<A) 



prdpTdydcj) prdpTdydcj) 



(11.6) 
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The different jet paths are implemented by averaging 

paths 

E 



d{N) 



1 



prdprdydcj) 



paths . ^ pTdprdydcj) 

'''paths — 1 



(11.7) 



leading to the definition of the averaged two-particle correlation 



{CFm 



1 



In order to present the contribution of the different paths, we will also depict 



tZ(iVcon)(0) d(iVback)(0) 



PTdpTdyd(j) p'j'dpTdyd(j) 



(11.8) 
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PTdpTdyd(j) prdpTdydcp 



• (11-9) 



The results show that for a 5 GeV jet, corresponding to a trigger-pi- of 3.5 GeV, 
the normalized, background-subtracted, and path-averaged CF signal (see solid 
black line in the upper panel of Fig. II 1.41) displays a broad away-side peak for 
^assoc _ ^ QeV (left panel of Fig. II 1.41) . while a double-peaked structure occurs 
for p^^"'^ = 2 GeV. The reason is that the contribution of the different paths (given 
in the lower panel of Fig. lll.4l for the paths in the upper half of the medium, named 
according to Fig. 111. ll ). add up to a peak in the left part of the away-side (see blue 
dashed line in the upper panel of Fig. lll.4l ). while the contributions of the paths in 
the lower half of the medium (which are not shown here in detail) produce a peak 
in the right part of the away-side (see magenta dashed line in the upper panel of 

Fig. [in. 

Depending on the gap between those peaks on the away-side, the different con- 
tributions result either in a broad away-side peak (like for p^^°^ = 1 GeV) or a 
double-peaked structure (as for p^^°'^ = 2 GeV). 

It is important to notice that the main contributions to the peaks in the left and right 
part of the away-side come from jets not propagating through the middle of the 
medium (see lower panel of Fig. II 1.41) . 

Though these simulations do not completely agree with experimental data [com- 
paring with Fig. l2.6l the cases studied above would roughly correspond to part (b) 
and (c)], they ai^e qualitatively similar. For a p^'^ = 3.5 GeV, the double-peaked 
structure on the away-side gets more pronounced with larger p^^°'^. However, the 
yield is different since experimentally the number of jets decreases with increasing 
transverse momentum. 

Considering now a 10 GeV jet (see Fig. lll.5b . describing 

ap*y"s ^ 7.5 GeV [which 

can approximately be compared to part (e) of Fig. 12. 6L the resulting shape is still 
the same. There is a broad away-side peak for p^^°^ = 1 GeV and a double- 
peaked structure for p?^^°'^ = 2 GeV. However, since the energy and momentum 
deposition continued for later times (see Fig. 111.21 ). the jet reaches that part of the 
medium where the background flow is parallel to its trajectory. Thus, there is again 
a strong impact of the diffusion wake as can be seen from the solid red line in the 
lower panel of Fig. 1 11.51 which represents the jet propagating through the middle 
of the medium. Compared to the 5 GeV jet, which stops about the center of the 
medium (see solid red line in the lower panel of Fig. [TL4l ). the diffusion wake con- 
tribution is enhanced, resulting in a broader away-side peak for = 1 GeV 
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Figure 11.4 

The normalized, background-subtracted and path-averaged azimuthal two-particle 
correlation after performing an isochronous CF freeze-out (solid black line) for 5 GeV 
jets depositing energy and momentum forp^^*'°'^ — 1 GeV (left panel) and 
^assoc _ 2 GeV (right panel). The dashed blue and magenta lines in the upper panels 
represent the averaged contributions from the different jet paths in the upper and lower 
half of the medium (cf. Fig. 1 11. it . respectively. The lower panel displays the contribution 
from the different jet trajectories in the upper half of the medium. 



and a smaller dip for ^"'^ = 2 GeV. This strengthens the conclusion that a conical 
signal can be obtained by averaging over different jet paths. 
References ll83l I137II showed that, considering a source term with a vanishing 
momentum-deposition rate in a static medium, a conical signal arises from a CF 
freeze-out. However, since the deposition of energy and momentum does not yield 
a double-peaked structure on the away-side for a static medium, but rather a peak 
in the opposite trigger-jet direction ll83lll37L the question arises if this result may 
allow for conclusions about the properties of the source term. 
Fig. 1 1 1 .61 demonstrates that pure jet energy loss in an expanding medium does not 
lead to a double-peaked structure on the away-side for the normalized, background- 
subtracted and path-averaged azimuthal coiTclation, neither for p^^°^ = 1 GeV 
nor for p^^"*^ = 2 GeV (though there is a plateau region for p^^°^ = 2 GeV ). No 
peaks occur on the away-side of a jet traversing the middle of the medium (soUd 
red line in the lower panel of Fig. II 1.61 ). However, there appear small peaks around 
(/) ~ 7r/2 and (p ~ Sir/ 2 for a p^^°'^ = 1 GeV, consistent with the prediction of 
Ref. II170II that the emission angle increases with increasing background flow (see 
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Figure 11.5 

The normalized, background-subtracted and path-averaged azimuthal two-particle 
correlation after performing an isochronous CF freeze-out (solid black line) for 10 GeV 
jets depositing energy and momentum for 'p^^°'^ = 1 GeV (left panel) and 
^assoc _ 2 GeV (right panel). The dashed blue and magenta lines in the upper panels 
represent the averaged contributions from the different jet paths in the upper and lower 
half of the medium (cf. Fig. 111. it . respectively. The lower panel displays the contribution 
from the different jet trajectories in the upper half of the medium. The impact of the 
diffusion wake is clearly visible for the jet 180 in the lower panel. 



also Fig. l5.jf1 )■ Thus, there is a clear difference between a static and an expanding 
medium. Nevertheless, it is also necessary to study the propagation of a jet through 
a uniform background since otherwise various effects (like e.g. the impact of the 
diffusion wake) cannot be understood. 

In conclusion, we have shown using a full (3 + l)-dimensional ideal hydrodynamic 
prescription that a double-peaked away-side structure can be formed by averaging 
over different contributions of several possible jet trajectories through an expand- 
ing medium, as already discussed in Refs. II2021 12351 1236II . Therefore, it seems 
natural to conclude that this shape, interpreted as a conical signal, does not result 
from a "true" Mach cone, but is actually generated by a superposition of distorted 
wakes. Clearly, the emission angle of such a structure is not connected to the EoS. 
We verified that the interplay between radial flow and diffusion wake may lead to an 



'it is important to mention here that Satarov et al. predicted a decreasing opening angle of the 
Mach cone with increasing background flow (parallel or anti-parallel to the trajectory of the jet). 
Clearly, such a decreasing opening angle results in an increasing emission angle. 
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Figure 11.6 

The normalized, background-subtracted and path-averaged azimuthal two-particle 
correlation after performing an isochronous CF freeze-out (solid black line) for 5 GeV 
jets assuming a vanishing momentum loss rate for p?^^°^ = 1 GeV (left panel) and 
^assoc _ 2 GeV (right panel). The dashed blue and magenta lines in the upper panels 
represent the averaged contributions from the different jet paths in the upper and lower 
half of the medium (cf. Fig. 111. it . respectively. The lower panel displays the contribution 
from the different jet trajectories in the upper half of the medium. The Jet 180 in the 
lower panel exhibits large emission angles. 



annihilation of the latter as long as the jet trajectory is opposite to the background 
flow (see Fig. 111.41 . as suggested in Ref. II235II . Nevertheless, the contribution of 
this diffusion wake, which depends on the path length of the jet, may strongly in- 
fluence the final azimuthal distributions obtained after freeze-out from averaging 
over different possible jet trajectories (see Fig. ll 1.5I ). 

However, the main contribution to the away-side coiTclation is due to jets that do 
not propagate through the middle of the medium, depending on the jet energy and 
momentum loss rate as well as the amount of deposited energy (see e.g. the lower 
left panel of Fig. I11.4I ). Obviously, it is necessary to determine the jet energy and 
momentum loss rates as well as their variance in time depending on the initial en- 
ergy and velocity of the jet. 

These results do not exclude Mach-cone formation in heavy-ion collision. As al- 
ready proven in Ref. II137II (see chapter [H in particular Fig. 18.11 ). a conical shape 
occurs in all jet-deposition scenarios including energy loss, leading to a construc- 
tive interference of the outward-moving sound waves, but the signal is usually too 
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weak to survive a CF freeze-out scenario II1361 11371 1231II . Due to the interaction 
with radial flow, it might still be possible to observe a Mach-cone signal in single- 
jet events. 

Moreover, these findings are not in contradiction to the measured three-particle 
correlations. As Fig. 12.91 shows, such pattern exhibits a peak along the diagonal 
axis, supposed to arise from deflected jets, as well as four off-diagonal peaks on 
the away-side, presumably resulting from a Mach-cone contribution. Such a struc- 
ture may indeed be due to the different contributions of the various jet trajectories 
considered. 

We also demonstrated that for the present study (at least for very central jets) an 
isochronous and an isothermal CF freeze-out prescription (see appendix [G]) leads 
to very similar- azimuthal particle coiTclations. Furthermore, we elaborated the dif- 
ference between a static and an expanding medium by showing that a jet deposition 
scenario assuming a vanishing momentum-loss rate, which results in a conical sig- 
nal in a uniform background, does not lead to a conical structure in an expanding 
medium for low values of p9f^°'^ (see Fig. II 1.61 ) and is therefore not in accordance 
with experiment f/Ol (see Fig. 12.61 ). Thus, it is not possible to directly extrapolate 
from a static to an expanding medium and non-linear hydrodynamics is fundamen- 
tal for quantitative studies of jets in a medium. 

In addition, we could verify the predictions by Satarov et al. II170I1 that a back- 
ground flow antiparallel to the jet direction leads to larger emission angles of a 
Mach cone, see Fig. II 1.61 For a general, though qualitative, discussion of the dis- 
tortion effects in an expanding medium see appendix IHl 

The effects of longitudinal expansion as well as finite impact parameter remain 
to be considered. Moreover, a different freeze-out prescription (like coalescence 
II135II ) might alter the azimuthal congelations. The recent observation of cone- 
angle variation with respect to the reaction plane (see right panel of Fig. 12.71 and 
ITTTI ITSI [79l ). which has to be checked applying hydrodynamical prescriptions, 
raises the prospect that the phenomenology of generating conical signals in heavy- 
ion collisions could be tested soon. However, the novel results concerning the two- 
particle coiTclations obtained from full jet reconstructions 11295 1 12961 reveal that 
the propagation of a jet through a medium that can be described by hydrodynamics 
deserves further scrutiny and is far from being resolved yet. 



Part IV 



Jets in Heavy-Ion Collisions: 
Conclusions and Outlook 
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Non-trivial things are the 
sum of trivial things. 



(Unknown) 



The main topic of this thesis was to investigate the jet-medium interactions in a 
Quaik-Gluon Plasma (QGP) that is assumed to be created in heavy-ion collisions 
and to behave like a "nearly perfect fluid". For this purpose, we studied the prop- 
agation of a fast particle, the so-called jet, through a medium (which can be de- 
scribed by hydrodynamics) using a (3 + 1) -dimensional ideal hydrodynamic algo- 
rithm. 

The basic question was if the propagation of such a jet leads to the creation of a 
Mach cone and if the disturbance caused by this Mach cone is large enough to be 
seen in the final particle distributions that are measured by experiment. Such a 
result would not only confirm fast thermalization, it would also allow to study the 
Equation of State (EoS) of the medium formed in a heavy-ion collision (which is 
suppossed to resemble the one created shortly after the Big Bang), since the (par- 
ticle) emission angles caused by the Mach cone are directly related to the speed of 
sound of the medium. 

After giving a general overview about the basic properties and the phase diagram 
of Quantum Chromodynamics (QCD), which can properly be tested by heavy-ion 
collisions, we described the evolution of such a heavy-ion collision and discussed 
different probes for the QGP. Then, we reviewed the particle coiTclations mea- 
sured by experiment. Motivated by the fact that jets are produced back-to-back, 
two-particle correlations were introduced considering the relative azimuthal an- 
gle between two particles. One of these particles, the trigger jet, is assumed to 
leave the expanding fireball without any further interaction while the associated 
particle on the away-side, traverses the medium depositing energy and momentum. 
Such (published) two-paiticle correlations obtained from experimental data exhibit 
a clear double-peaked structure on the away-side which is suggested to be caused 
by the creation of a Mach cone. However, other explanations are also possible and 
were discussed briefly. 

In part JIJ we introduced the concept of ideal hydrodynamics and its applicability 
to heavy-ion collisions, starting from a (proper) choice of the initial conditions, via 
the numerical solution for the Equations of Motion, to the conversion of the fluid 
fields of temperature and velocities into particles, the so-called freeze-out. 
Moreover, we discussed the importance and the effects of viscosity in heavy-ion 
collisions and deduced the viscous transport equations (for the bulk viscous pres- 
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sure, the heat flux current, and the shear stress tensor) from kinetic theory. Those 
equations are the basis for any numerical treatment of viscous hydrodynamics, a 
prescription that is important to gain a quantitative understanding of the underlying 
processes in heavy-ion collisions. 

Subsequently, we discussed shock-wave phenomena in general, reviewed the pre- 
dictions concerning the influence of an expanding background on the formation 
of Mach cones, and outlined different jet energy-loss mechanisms ranging from 
theories based on weak interactions (as described by perturbative QCD, pQCD) to 
strong interactions (which can be formulated using the Anti-de-Sitter/Conformal 
Field Theory correspondence, AdS/CFT). A basic introduction to the latter pre- 
scription is given in a separate chapter. Addionally, we also summarized previous 
studies of jet-energy transfer to the medium using the linearized hydrodynamical 
approach. 

The results of our numerical simulations were summarized in part HITl Here, we 
distinguished a static and an expanding medium and considered different energy 
and momentum-loss scenarios for a source term schematically characterizing the 
deposition along the trajectory of the jet as well as another one derived from pQCD. 
The latter source term is also directly compared to results obtained from a jet prop- 
agation described within the framework of AdS/CFT. 

One of the basic results is the creation of a strong flow (named the diffusion wake) 
behind the jet common to all different scenarios studied in a static medium if the 
momentum deposition is larger than a certain threshold. The particle yield com- 
ing from this strong forward-moving diffusion wake always overwhelms the weak 
Mach-cone signal after freeze-out and leads to one single peak on the away-side 
which is not in agreement with the shape of the published two-particle correlations 
obtained by experiment. 

This peak is found for the schematic as well as for the pQCD source term, but 
not when evaluating a jet event applying the AdS/CFT correspondence. In that 
case, the impact of the transverse flow from the so-called neck region (which is 
an area close to the head of the jet) lead to a double-peaked structure in the fi- 
nal particle coiTclations that is undated to a Mach-cone signal, providing different 
freeze-out patterns for pQCD and AdS/CFT. Thus, the measurement of identified 
heavy quark jets at RHIC and LHC might provide an important constraint on pos- 
sible jet-medium coupling dynamics. 

Moreover, we showed that the medium's response and the coiTcsponding away- 
side angular correlations are largely insensitive to whether the jet punches through 
or stops inside the medium. We described the backreaction of the medium for the 
fully stopped jet by a simple Bethe-B loch-like model which causes an explosive 
burst of energy and momentum (Bragg peak) close to the end of the jet's evolution 
through the medium. The resulting correlations are also independent of whether 
the momentum deposition is longitudinal (as generic to pQCD energy loss models) 
or transverse. 

The universal existence of the diffusion wake in all scenarios where energy as well 
as momentum is deposited into the medium can readily be understood in ideal 
hydrodynamics through vorticity conservation. We discussed experimentally ob- 
servable consequences of such a conserved structure, probably connected to polar- 
ization effects of hadrons (like hyperons or vector mesons). Since polarization is 
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sensitive to initial conditions, hydrodynamic evolution, and mean-free path, cor- 
responding measurements might shed some light on several aspects of heavy-ion 
collisions that are not well understood yet. 

Certainly a realistic description of a heavy-ion collision requires an expanding 
background. We demonstrated that the interaction of the radial and jet flow may 
lead to the reduction of the diffusion wake and to a deflection of the Mach cone 
as predicted in an earlier work. The strength of the diffusion-wake contribution 
clearly depends on the path length of the jet. 

However, the coiTclation patterns obtained from experiment consider several jet 
events. We showed that a conical signal can be created by averaging over different 
possible jet paths. Therefore, it seems natural to conclude that the experimentally 
observed shape does not result from a "true" Mach cone, but is actually generated 
by a superposition of distorted wakes. Clearly, the emission angle of such a struc- 
ture is not related to the EoS. 

We illustrated that the diffusion wake nevertheless strongly influences the structure 
of the final particle congelations obtained from averaging over possible jet trajecto- 
ries. Depending on the energy and momentum-loss rate as well as on the amount 
of deposited energy, the main contribution to the away-side correlation may be due 
to non-central jets. Consequently, it is necessary to determine the jet energy and 
momentum-loss rates as well as their variance in time depending on the initial en- 
ergy and velocity of the jet. 

Additionally, we elaborated a clear difference between a static and an expanding 
background. While an energy-loss scenario assuming a vanishing momentum-loss 
rate results in a conical signal for a uniform background, such a structure is not 
obtained in an expanding medium which is in disagreement with the experimental 
data. Thus, it is fundamental to apply non-linear hydrodynamics for quantitative 
studies of jets in a medium. 

The results discussed above are not in contradiction to the measured three-particle 
correlations that display a distinct emission pattern if Mach cones are produced 
since these correlations also show a contribution from deflected jets which might 
be due to the non-central jets mentioned before. 

Therefore, an unambiguous proof of a Mach cone which can be related to the EoS 
requires the investigation of single-jet events (as it should become possible at LHC) 
for different trajectories through the medium. 

The recent observation of cone-angle variation with respect to the reaction plane, 
which has to be analyzed using a full hydrodynamical prescription, promises fur- 
ther insight into the phenomenology of generating conical interference patterns in 
heavy-ion collisions. Novel results, however, obtained from full jet reconstruc- 
tion reveal that the jet-medium interactions deserve further scrutiny both from the 
experimental and from the theoretical side. For a comparison to hydrodynamic 
simulations, full jet reconstruction will be essential. 

Apparently, the effects of longitudinal expansion, nonzero impact parameter, and 
phase transitions (connected to a change in the speed of sound of the medium) re- 
main to be considered. 

It will also be important to test the experimental procedure of background sub- 
traction. The common method applied is to subtract the elliptic flow arising from 
angular- anisotropics of the expanding system. Since it is not clear from first princi- 
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pies that the flow is independent of the jet transit, this method (ZYAM) is discussed 
controversally. 

Moreover, different freeze-out prescriptions as well as the interaction of the created 
hadrons (like coalescence or resonance decays) might alter the azimuthal coiTcla- 
tions and need to be examined. 

To advance this research area, a more detailed understanding of the source for the 
hard probes is needed, ranging from weak interactions (as described by pQCD) to 
strong interactions (formulated by the AdS/CFT coiTcspondence). It is necessary 
to develop a detailed space-time energy-loss model, considering all different con- 
tributions (i.e., radiative and coUisional energy loss) to high order in opacity. By 
coupling quantum transport to hydrodynamics, it will be possible to further inves- 
tigate the jet-medium interactions for the different energy regions supported by the 
various experiments like RHIC, LHC, and FAIR. 



Appendices 
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Appendix A 

The Evolution of the Universe 



About 13.7 billion yeai^s ago a hot and dense phase was formed out of a singularity, 
the so-called Big Bang, where quarks, antiquarks, and gluons could move around 
as free particles. This state of matter is usually called the Quark-Gluon Plasma 
(QGP). Due to the high pressure gradients, expansion and cooling set in and be- 
low a certain critical value of the energy density (ecrit ~ 1 GeV/fm^), quarks and 
gluons combined into color-neutral objects, the hadrons, a process being called 
confinement. 

Subsequently, the unstable hadrons decayed so that mainly protons as well as neu- 
trons accumulated. Around 1 s after the Big Bang, the main fraction of the building 
blocks of matter were already formed. Later, heavy elements emerged from fusion 
processes and supernova explosions. 

After the temperature had fallen below T « 3000 K, neutral atoms were gener- 




Figure A.l 

The evolution of the universe, starting with the Big Bang 13.7 billion years ago and 
illusttating the period from the formation of the building blocks of matter to the creation 
of galaxies. 
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ated. Since the interaction of the photons with these neutral atoms was very weak, 
the universum got transparent. Then, due to the expansion of the universe, the 
wavelength of the disconnected background radiation increased, resulting in a red- 
shift that con^esponds to a temperature of 2.73 K which is measurable today. This 
decoupling of radiation caused the gravity to gain more influence and because of 
spatial density fluctuations, spacious structures like galaxies were created roughly 
1 million years after the Big Bang. For a synopsis see Fig. lA. II 



Appendix B 

Glauber Model 



The Glauber Model II121II provides initial conditions for the transverse plane in 
a heavy-ion collision that can be used by models describing the expansion of a 
hot and dense medium (like hydrodynamic applications). It describes a nucleus- 
nucleus collision in terms of multiple nucleon-nucleon interactions. The underly- 
ing geometry is shown in Fig. lB.lb . It leads to the number of wounded (or partici- 
pating) nucleons in a heavy-ion collision which can be used to specify the centrality 
class of a collision (see Fig. IB. 21 ) and to determine the initial distribution of energy 
density. The latter one is mandatory in the hydrodynamical framework. 
Since the model is based on nucleon-nucleon collisions, it requires the knowlegde 
of the inelastic cross section aNN and a density profile of the nucleus which is 
specified to be the Woods-Saxon distribution, 

1 + exp[(|x| - RA)/d\ 
The mean radius of the nucleus Ra can be calculated via 

Ra = (l. 12^^/3 -0.86^"^/^) fm, (B.2) 

where d is the skin depth and pQ has to be chosen such that an integration over the 
Woods-Saxon distribution leads to the number of nucleons A. 
Though it is possible to calculate this profile analytically, Monte Cai^lo simula- 
tion are often used to sample pA as probability distribution for nucleons within a 
nucleus. The model distinguishes: 



nucleon beam 



b 




Figure B.l 

Schematic representation of the Glauber Model geometry for a nucleon-nucleus collision 
(left panel) and for a nucleus-nucleus collision (right panel) 129711 . 
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B Glauber Model 




Nucleon-nucleus collision: The nuclear thickness function, describing that 
part of the nucleus A with which the nucleon passing through may interact 
(see Fig. IB. IK is given by 



TA{x,y) = I dzpA{x). (B.3) 



The probability that two nucleons collide is ryi(x, y, 6)crArAr. From this, the 
number density of binary collisions in a nucleon-nucleus collision can be 
calculated using the probability of n binary collisions 

P{n;A,h) = (^\[TA{x + h,y)aNNT 



X [l-r^(x + 6,y)a^jv]^"" (B.4) 



which leads to 



nBc{x,y,b) = nP{n;A,b) = ATa{x + b,y)aNN ■ (B.5) 



n=l 
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Nucleus-nucleus collision: In analogy to the nucleon-nucleus collision, a 
density distribution Tab{x^ y, b) is defined, called nuclear overlap function. 



TAB{x,y,b) 



Again, a binomial distribution 

AB 



Pin;AB,b) 



n 



[TAB{x,y,b)aNNy 



X [1 - TABix,y,b)aNN] 



AB-n 



(B.6) 



(B.7) 



characterizes the probability for n binary collisions from which the mean 
number density of binary colUsions is determined to be 



nBc{x,y,b) = ABTAB{x,y,b)aNN ■ 



(B.8) 



In a similar way, the number density of wounded (i.e. participating) nucleons 
can be derived: 



nwN{x, y,b) = Ta(x + -,y 



1-1 



ctnnTb (x 



2' ■ 



+Tb {x--,y 



B 



(^nnTa {x + ^,y) 
A 



(B.9) 



The number of binary coUisons Nbc and wounded nucleons Nyy ^ is even- 
tually obtained by integration 



Nscib) = J dxdynBc{x,y) , 
NwN{b) = I dxdynwN{x,y) . 



(B.IO) 



Appendix C 

The EoS for an Ideal Gas 



A gas of massles particles with a degeneracy factor g can be described using the 
grand-canonical partition function 



Z^\T,V,^^) = J2 



N=0 



(C.l) 



with /? = 1/T and the canonical partition function Z^^'^(T, F, iV). For non- 
interacting systems (for simplicity the Maxwell-Boltzmann limit is assumed, i.e., 
there will be no distinction between bosons and fermions), this expression simpli- 
fies since 

Z'^^^(^T,V,N) = ^[Z^^'^(T,y,l)]^. (C.2) 
Thus, the grand-canonical partition function can be rewritten as 

N 



= exp [exp(/3/i)Z^^'^(r, V, 1)] . (C.3) 
This expression can also be formulated in terms of the fugacity z = e^^ 

Z^'{T,V,z) = exp[zZ='^°(r,y,l)] . (C.4) 
^can^2^^ y, 1) describes the canonical partition function for one particle given by 



-f3k 



(27r)3 
V _ VT^ 



5-2733 = 9—2- , (C-5) 



which eventually leads for a gas with vanishing chemical potential = to a 
grand-canonical partition function of 

Z^'{T,V,z) = exp(g^\ . (C.6) 
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C The EoSfor an Ideal Gas 



The particle density as weU as the energy density can now be computed via 



n 



(AO 
V 
1 

V 



1 

V 



In Z^'{T,V,z) 

oz 



^lnZ^\T,V,z = l) 



z=l 



rp3 



(C.7) 



Using the grand canonical potential Q 
pressure is determined to be 

P = 9^ , 



-rinZS=" = -pV and Eq. CHl, the 



(C.8) 



and a comparison of this expression with Eq. (IC.7I ) yields the EoS for an ideal gas 
of massles, non-interacing particles 



1 

3^- 



(C.9) 



For a gas of massless bosons (like gluons), however, the energy density and pres- 
sure can be calculated in the Stefan-Boltzmann limit for m/T ^ 1 (see e.g. Ref. 
11299 1 ) and are given by 



9 ^2rp4 

TT 1 

30 



P 



3 ^2t^4 

— vr 1 . 
90 



(C.IO) 



Appendix D 



A Microscopic Derivation of 
Relativistic Fluid Dynamics 

It has been proven at RHIC that the medium created in a heavy-ion collision can 
be described as a "nearly perfect liquid" |[T5l[T6l . i.e., dissipative effects seem to 
be small, but nevertheless important for a quantitative description of the measured 
data. 

The equations of relativistic fluid dynamics, in particular the transport equations 
for the bulk viscous pressure IT, the heat flux current q'^\ and the shear stress tensor 
TT^'^, entering the energy-momentum tensor 

Tf"" = e-u^n'^ - (p + n) A^'^ + g'^n'^ + g V + 7r'^^ (D.l) 

which is propagated (in time) using numerical applications, have been discussed 
vividly iflll [T38l [T39l [1401 [1?T1 [141 [1431 

This section discusses the derivation of the fluid-dynamical equations including 
dissipative effects up second order in gradients from kinetic theory, using the Boltz- 
mann equation and Grad's 14-momentum 111521 . 

D.l The Boltzmann Equation 

The Boltzmann equation HI 09 II applies for a sufficiently dilute gas, 

A;^a^/(fc,x) = C[f]. (D.2) 

Choosing the units to be /c^ = c = 1 and = g/{2'K)^ (with the degeneracy 
factor g), the two-particle collision term reads 

c[f] = ll^^^-is,e)s6^'Hk + h-k'-k[) 

x{f{k',x)fik[,x)[l - af{k,x)][l - afiki,x)] 
-f{k, x)f{ki,x)[l - af{k', x)][l - af{k[,x)]} , (D.3) 

where a = ±1 for fermions and bosons, respectively, and o = for classical 
particles. The differential cross section of the two-particle collision, a{s,9), only 
depends on the Mandelstam vai^able s = {k + ki)"^ and the scattering angle 9 
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D A Microscopic Derivation of Relativistic Fluid Dynamics 



in the center-of-mass system. The Boltzmann equation is a complicated integro- 
differential expression in phase space, which however can be solved by an expan- 
sion in terms of its moments. These moments are obtained by multiplying the 
Boltzmann equation with the factors (1, fc", fc'^A;'^,...) and subsequent integration 
over momentum, leading to different conservation equations (for details see Ref. 
EOi): 

• First moment: The conservation of a 4-current A^'^ 

d^,N^ = 0. (D.4) 
Integration of Eq. (ID.2I) over momentum space leads to 

j ^k^d.fik, x)=d,j ^k^fik, x) = j ^C[f] . (D.5) 

The r.h.s. vanishes due to the (5-function in Eq. (ID. 31) and the (net) charge 
current is given by 



Second moment: The conservation of the energy-momentum tensor 

d^T'''' = 0, (D.7) 
which can be deduced from 

—k^ k>^d,f{k, x)=d^j — r x) = J —k'' C[f] ,(D.8) 

since the r.h.s. again vanishes due to the 5-function in Eq. (ID. 31) and the 
definition for the energy-momentum tensor is given by 

—k^k''f{k,x). (D.9) 

Third moment: An Equation of Motion of 

d^Sf""^ = C^, (D.IO) 

with 

—k''k''k^f{k,x) and 0"^= / ^kf'k^Cif]. (D.ll) 
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D.2 Ideal Hydrodynamics from Kinetic Theory 



It was already shown in section 13.11 that the tensor decomposition of the charge 
current N^^ and the energy-momentum tensor T'^'^ can be derived by applying the 
expressions from kinetic theory. However, due to the fact that the local equilibrium 
distribution only depends on Lorentz scalars and the 4-velocity u^, the decompo- 
sition can also be done via 

— F/o(fc,rE)^/io(xK(^), 

/d^k 
— F r Uk, x) EE l2o{x)u>'{x) u'^ix) + /2i(x)A^,(x) (D. 12) 

The first index of the scalar Inq{x) characterizes the rank of the moment considered 
and the second one counts how often the projector onto the 3-dimensional subspace 

A^^(x) = g^"" -u^'{x)v!'{x) (D.13) 

appears in the expression. In particular, applying u^u^^ = 1, k^^u^ = E, k^k^ = 
m^, and m? = E"^ — }?, one can show that II300I 



Iio = N^'Uf, = j d^kfo{k,x) = no, 
ho = T'"'Uf,u^ = j d^kEfo{k,x) = eo, 
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It^'^A^, = -^j d'k^ fo{k,x) ^ -po . (D.14) 



This decomposition will be important for the following calculation of the dissipa- 
tive effects. 



D.3 Viscous Hydrodynamics from Kinetic Theory 

We apply Grad's 14-moment method II152I for the derivation of the relativistic 
dissipative fluid-dynamical Equations of Motion which parametrizes the deviations 
of the one-particle distribution function from (local) thermodynamic equilibrium. 
While for (local) equilibrium this distribution function reads 

/o = (e-S'o + a)-', (D.15) 

where a again characterizes the fermion/boson or Boltzmann statistics and 

yo = ao-Pok^ux, (D.16) 

with ao = fJ,/T as well as /?o = l/T, we assume that the following distribution 
function 

/ = {e-y + a)-' , (D.17) 
y = a- p k^ux - k^vx + k^k^uxp , (D.18) 
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describing the most general ellipsoidal deformation of the equilibrium distribution, 
is applicable to describe the fluid-dynamical system. Here, is orthogonal to u^, 
thus v^u\ = 0, and 

LOXp = UJ UxUp + UJxUp + ^pU\ + WAp , 

= Aa„u;"''mp , 

uxp = Axai^^'^App, (D.19) 

leading to 

ujxu'' = , 
(^XpU^ = , 
^A = 0, 

LO = -LO^. (D.20) 
Inserting these definitions into Eq. (ID.18I ). one obtains 

y = a- l3E + v-k + ujE'^ -2Eu}-k+ ^ FcJij fc^' (D.21) 

in the local rest frame, = (1,0), where v denotes the vector component of the 
4-vector v^. 

Hence, Eq. (ID. 171) is a function of 17 independent parameters (including the con- 
straints for ux and u>xp)- To connect these quantities to the 14 independent pa- 
rameters of the hydrodynamical equation^ we assume a small deformation of the 
equilibrium distribution 

y-yo = {a-ao)-if3-l3o)k^ux-k\x + k^kPL^xp = Oi5), (D.22) 

allowing for a linearization around equilibrium 

f{y) = f{yo) + f'{yo)iy-yo) + 0{e^) 

= fo + foil - afoKy - yo) + 0{e^) . (D.23) 

Here, the fluid velocity n'^ of the system in (local) thermodynamical equilibrium is 
supposed to be the same as the velocity of the dissipative system. 
Inserting these expressions into Eqs. (ID. 61 ) and ( ID.9I ). the (net) charge current and 
the energy-momentum tensor become 

= N^ + {a-ao)4-{p-Po)jt^x-jtvx + 4^'uJxp, (D.24) 

with the equilibrium distribution function for the (net) charge current Nq and the 
energy-momentum tensor Tq"^. The tensors 

— k»K..k^-fo{l-ah) (D.26) 



'The 14 independent parameters are e(l Eq.), n(l Eq.), n(l Eq.), V''(3 Eqs.), (3 Eqs.), and 
7r'"^(5 Eqs.), see also chapter|4| 
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can be decomposed into invariant subspaces according to 



puXp 



with the following abbreviations characterizing symmetry properties 
These expressions are a generalization of 



(D.27) 
(D.28) 
(D.29) 
(D.30) 

(D.31) 
(D.32) 

(D.33) 



The functions J„q again denote the projections onto the corresponding subspaces 
(see section ing . They only depend on the fluid velocity n'^ and equilibrium quan- 
tities T and /i. 

Applying the above tensor decompositions together with the expressions for Nq, 
Tq"^, and LOxp, it follows that the (net) charge current N^^ and the energy-momentum 
tensor TP" [Eqs. (10241 ) and (10251) 1 are given by 

: [no + (a - ao)Jio - {(3 - f3o)J20 + ^(Jao - J3i)]u^ 
-J21VP + 2J31UJP , (D.34) 
: [eo + (a - ao)J2Q - (/? - Po)J30 + '^(-'40 - -^41)] u^u" 
+ [-po + ia-ao)J2i - iP - Po)J3i + ^^i-hi - J42)]A^'^ 



NP 



(D.35) 

These equations contain 19 unknown quantities, the 17 originating from the above 
parametrization of the distribution function as well as oq and /Jq. The latter ones 
are normally determined by assuming that the charge density n and the energy 
density e characterize a system in thermodynamic equilibrium, 



2 ( Jsiv^P - 2J^iuj^P ] u"' + 2 J42W 



e 
n 



TP'^Uf.u^ = eo (D.36) 

NPuf, = no . (D.37) 

Then, the extra terms in the first hnes of Eqs. (ID. 341 ) and (ID. 351 ) have to vanish, 
leading via 

(a-Qo)Jio-(/9-/9o)^20 + w(^30-^3i) = 0, (D.38) 

ia-ao)J20-{P- Po)J30 + io{J4o- Jai) = 0, (D.39) 

to the expressions for (q — oq) and (/? — /?o), 



a — uq 



-UJ 



m 



J30J10 - {-hoY 
JiqJh — J20J31 
J30J10 - 



(D.40) 
(D.41) 
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Here, the relation BOOII 

Jn+1,q = m^Jnq " (2(? + 3) J„+2,g+l (D.42) 

needs to be applied. In order to proceed, one has to determine the fluid velocity 
which we will first consider in the Eckait frame. 



D.3.1 Transport Equations in the Eckart Frame 

In the Eckart system, n'' defines the velocity of charge transport. Thus, the (net) 
charge density n is equivalent to the one in thermodynamic equilibrium, n = uq, 
resulting in 

iV^ = nu^" (D.43) 
and [cf. Eq. (ID. 341 )1 a condition for 

yf" = 2^0;^, (D.44) 

-'21 

defining three of the 17 free parameters. The remaining 14 quantities, that are de- 
termined below, can be connected to the unknowns of the hydrodynamic equations. 
Inserting (a - qq) [Eq. ^DAO\i ]. (/? - /3o) [Eq. (10411) 1 . and vt" [Eq. dEMJl into 
the energy-momentum tensor T^'^ [Eq. (ID. 351 )1. the dissipative quantities can be 
defined as 



n = 4lo 



J J20J41 — J30J31 _|_ J J20J31 — JipJii _|_ ^ J 
'^aO'^io — (-^20)^ J30J10 — {J20Y 3 



(D.45) 



= 2:^l^^l-li:^a;^ (D.46) 
J21 

^T^"' = 2J^2^^"' , (D.47) 
having in mind that 

Tf"" = en^u*^ - pA^^^ + 2g('^u'^) + 7r'^^ (D.48) 

p = _V-A,,, EEpo + n, (D.49) 

A'^'^T^^u^ , (D.50) 

/ A (a» A 

and using the relations 

^f^u ^ Cj^'' + -A''\ (D.52) 
3 

Consequently, there is a direct connection between the nine free parameters of to, 

u!^, and uj''^P as well as the hydrodynamic variables 11, g^, and vr^'' which are 
defined by nine equations, a, (3, and have already been determined via the 
charge density, the energy density, and the fluid velocity. 



= ( Aj^A'^l - -A^^A^'^ ) T"^ , (D.5I) 
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Therefore, one has to derive nine additional equations for those undefined para- 
meters. This is done by calculating the second moment of the Boltzmann equation 
that can be written in terms of 



(D.54) 



applying the linearization of Eq. (ID.23I ). where Jq"^^"^ denotes the decomposition 

jpuXaf^ = J5ou^nVn"n^ + lOJsiu^^n'^n^A"^) 

15 J52n(^'A'^^A"^) . (D.55) 

Using again the expressions for {a — uq) [Eq. (ID.40I )1. (/3 — /?o) [Eq. (ID. 411 )1. Eqs. 
(ID.45I ) - (ID.47I ) as well as the relation 



(D.56) 



one obtains 



Si 

S2 



5 



ho + -/-in , 
/31 + '/'2n , 



(D.57) 
(D.58) 
(D.59) 



'^3o('^30'^31 ~ J20J41) + JioiJlpJil — J20J31) — JbljJaoJlO — (■^20)^) 
J2l{J2oJil — J30J31) + J3l{J2oJ31 — J10J41) + ^J42{J3oJlO — (<^2o)^) ' 

(D.60) 

-t, (D.61) 



i>2 



J21J51 — JsiJii 



J41J21 — (Jsi)"^ 
J52 

•^2 = -f-- 
Ji2 

Now, the nine requested equations can be derived by evaluating d^S^^^ 

51-252) + 2^2)^ + 



+A 



vX 



S2 + 320 - ii^iq'' 
5 



+2(5i - 3S2)u^''u^^ + 2n(^a^)52 + 2S2d^''u^^ 



o 



+- 



12 



5 L 



(D.62) 
(D.63) 



+2'K^'^''u^^^^^2 + 2^2vr^^"5^^x^) + 2^2^x^"5^vr^)^ 

, (D.64) 
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with S = u^daS and = duU^. In principle, these are 10 equations, but the trace 



/fPk 
-^C[f] = 



(D.65) 



leads to the equation of charge conservation. 

Projecting d^S'^'^^ onto the invariant subspaces results in the following Equations 
of Motions: 



ho + ^lU + 0in + 1^/30 - 2/31 + -0in 

/30 - 2/31 + %U] ii^ + (i^i + % 



(D.66) 



(/31 + 02n) + l^lJlq''^\^ + ijq^ + V^a^^vr 
5 



Xu 



(J{V\) 



+ -iJiq''d^u>' + {-iJ2Uu + d^i^2) , 
5 

2 (/31 + <^2n) d^^u^^ + ^iJiii^'q^^ 

5 



(D.67) 



+ip2 (^^''^^ + TT^^O'^ + 2V^2vr''^^9;,n^> . (D.68) 
For the evaluation of the l.h.s., the collision term has to be linearized 



E 



El 



E' 



x6^^\k + ki-k' -k[)k'' k^ 
x{f'{k,x)f[ik,x)[l - afik,x)][l - aMk,x)] 
-f{k,x)fi{k,x)[l - af'{k,x)][l - afi{k,x)]} 

The most general decomposition of C^^^P is given by 



(D.69) 



5 



(D.70) 



allowing for the calculation of C^^ 



3 V 



Thus, the left-hand sides give 



-Auo = A'li , 
3 

2Cu)^' = Cqf" , 



(D.71) 

(D.72) 
(D.73) 
(D.74) 
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resulting in 
A- = ^ 



(D.75) 

-1 



J2i{J2oJa1 — J-ioJu) + Ju{J2oJu — JloJil) + ^ <^42 [</30<^10 — (<^2o)^] 



C 



J21 



J41J21 — [Jsiy 

B 



IOJ42 



(D.76) 
(D.77) 



Therefore, the Equations of Motions for the dissipative variables IT, g^, and tt^^ 
are 



A'li 



I30 + (PiU + 0in + 1^/30 - 2/31 + -^lU 



(D.78) 



5 



5 

2 (/31 + ^2^1) d^^'u"^ + ^Vit'^'^'Z"^ 

5 

2 

~5 



(D.79) 



^p2 (^^''''^ + vr^''^) + 2^/^24^ • 



(D.80) 



To rewrite these equations into a more common form containing the relaxation 
times (rn, r^, r^), the coupling lengths coefficients {luq, ^wg, ^nw, •••) as well as the 
thermodynamic quantities bulk viscosity thermal conductivity k, and shear vis- 
cosity r], several mathematical operations are necessary. 

A crucial step is to rewrite the scalar functions Inq{x). Following Israel and Stew- 
art II150I . their derivatives are connected to the Jnq via 



dl, 



nk 



Jnkdot — Jn+l,kdP ■ 



(DM) 



The expressions for da and d/3 can be determined using the equations for the (net) 
charge as well as energy and momentum conservation, Eqs. (14.211) to (14.231) . since 



dn = Jioda — J2odP . 
de = J2oda — Jsodp . 

Applying the definition II150I 



(D.82) 
(D.83) 



D 



nq 



Jn+l,qJn~l,q {Ji 



nq J 



(DM) 
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it follows that 



d(3 = ( J2odn - Jiode ] , (D.85) 



20 

da = -fT— { Jsodn - J2ode) . (DM) 
Making use of the relations 

vr^^a^u^^ = -24^^^^^^ + , (D.87) 

= V^'^n'^^, (D.88) 



the equation for the vorticity, 



(D.89) 



and the fact that the relaxation times as well as coupling lengths ai^e connected to 
the bulk viscosity the thermal conductivity k, and the shear viscosity rj 111541 . the 
transport equations for the bulk viscous pressure IT, for the heat flux current 
(/^, and the shear stress tensor vr^*^ are given by 



n = -Cd-TuU + Tugq^u" -l^q'^^,q>' -C6oIie 

+Angg^V^a + XunT^^^uCT^" , (D.90) 
K n 

-'^Siq^'e - Xgga'^'q, + A.nnV^'a + Ag^vr^'^V.a , (D.91) 

-iT^T^fa"^^ - IX^gq^^f^V^a + IX^n'^a'"' . (D.92) 

The transport coefficients C,,K,ri, the relaxation times TYi,Tq,T.,^, and the coeffi- 
cients TYlq, TqYl, Tqi^ , T.j^q, f^Tlqi ^qHj ^qin ^nqi Xjjq, Ahtt j Agg , A^n j A^tt j Attq , AttII > '^0> 

(5i, 82 are (complicated) functions of a,/3 and will be presented in detail in Ref. 

HSU. 

It can indeed be shown that using [see Eq. (14.341) 1 

~ £^fp5^ ~ 5 « 1 , (D.93) 

and [cf. Eq. (14361) 1 

n 7^^"' 

1 K r^6 (D.94) 

£ e e 

where the Knudsen number K is defined via Eq. (I4.35I ). all terms in the above 
equations ai^e at most of order 6"^. Therefore, the set of equations ( ID.90I ) to ( ID.92I ) 
is of second order in the Knudsen number. 
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D.3.2 The Tsumura-Kunihiro-Ohnishi Matching Condition 

The above mentioned transport equations for the bulk viscous pressure 11, the heat 
flux cuiTent q^^, and the shear stress tensor -k^^^ were derived by assuming [see 
Eqs. (ID.36I ) and (ID.37I )1 that the actual charge density n and the energy density e 
are equivalent to the respective quantities in (local) thermodynamic equilibrium. 
However, Tsumura, Kunihiro, and Ohnishi BOlll proposed that 

e = T'^'u^u^ + 3n , (D.95) 

leading to a matching condition of 

e = eo-3U. (D.96) 

In that case, (q — qq) and (/? — /3o) are not given by Eqs. (ID. 401 ) and (ID. 411 ). but 
can be calculated to be 



a — aQ = —u> 



^2 _ ^ JsqJsi — J20J41 
J30J10 — {J2qY 



+ 3n, (D.97) 



P-Po = -^uj-— —-2+^-^^ — — 23n, (D.98) 

resulting in a bulk viscous pressure of 



J2l{J2oJ41 — J30J31) + J3l{J2oJ31 — J10J41) + f -^42 [-/sO-^lO — (<^2o)^] 



•^lO'^so — (<^2o)^ + 3J2o>/2i — 3Jio J31 



(D.99) 



However, Eqs. (ID. 461 ) and (ID.47I ) for the heat flux current q'^ and shear stress ten- 
sor TT^*^ still apply. Nevertheless, as one can easily prove, the second moment of 
the Boltzmann equation, Eq. (ID. 571 ). as well as all those ones derived from this 
expression, in particular the transport equations Eqs. ( ID.90I ) - ( ID.92I ). are still valid 
using the above definition for the bulk viscous pressure 11. Of course, (pi [see Eq. 
(ID. 601 )1 and A' [see Eq. (ID.75I )1 have to be adjust accordingly. 

D.3.3 Transport Equations in the Landau Frame 

So far, we considered n'^ as the charge flow velocity, i.e., we worked in the Eckart 
frame. Choosing n'^ to be the energy flow velocity, the heat flux current vanishes 
(g'' = since the spectator moves with the energy flow), while the (net) charge 
flow will be 7^ 0. Therefore the conservation equations change to 

N^' = nu^' + V^' (D.lOO) 
T^^ = eu^'u" -{p + Il)^^"' + ^^"' . (D.lOl) 

Thus, it follows from Eq. (ID35] ) that 

= = JgiT;^ - 2 J4iw^ , (D.102) 
leading to a different condition for 

yf^ = ^^ojf". (D.103) 
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Using the same procedure as explained above, one obtains the transport equations 
for the bulk viscous pressure 11, the heat flux current q^, and the shear stress tensor 
'K^^'' the form of which is the same as in Eqs. (ID.90I ) - (ID.92I) with ^ -F^(e + 
p)/n. 

However, the values of the dissipative quantities are frame-dependent and will be 
given in Ref. |[T56l . 



D.3.4 The Israel-Stewart Equations 

It is possible to show that the expressions 



A'li = + </'in+(/30- 2/31) ^ + V'l9;.<?^, 

= (130-2/31)^1'^ 

5 



(D.104) 

(D.105) 
(D.106) 



[cf. Eqs. (ID.78I) - (ID.80I) 1. which contain terms partially of first and second order in 
the Knudsen number, are equivalent to the equations derived by Israel and Stewart 
[Eq. (2.41)of lIBOl] 



TT' 



n 



\Cv (^^u^' + /3ori - aod^q^") (D. 107) 

kTA^'^ (T-^a^T - + Piq^ - aod^Ji - ai^^vr;;) (D. 108) 
2C5 id^^u'^'' + /?27^A^ - aid^^q^A , (D.109) 



which however, differ in metric. To prove this, one has to use the conservation 
equations for (net) charge density, energy and momentum, as well the relation 
(ID.42I ) and the definitions 



ao-ao = ai-ai = -{pi-Pi) = -[f3J3i]~\ (D.llO) 

D41D20 — -D31-D30 ,^ , , , , 

"'^ = ACnj2,Js,D2o ' ^""-'''^ 

J41J42 - J31J52 /T>,1n^ 



3/3{5J52 — (3/-D2o)[/3l('/3l/30 ~ JilJ2o) + JjliJilJlQ — J31J20)} 

(D.113) 



A = ^/3^, (D.115) 



D.3 Viscous Hydrodynamics from Kinetic Theory 



161 



C = f3J^2 = hi, ho = f3J2i, A = -^, (D.117) 

(•^21)^ 

^ _ 3J2l(J3oJ3l — J20«/4l) + 3J3i(JioJ4i — J20J31) ~ 5J42-D2O 

</42-C'20 

(D.118) 



Appendix E 

Energy and Momentum 
Deposition in the Bethe-Bloch 
Formalism 



The Bethe-Bloch formahsm |[239l l240l 12411 l242l assumes that [see Eq. (IO) 1 
dE(t) 1 

—^ = a^-. (E.l) 

at Ujet(i) 

In order to determine the location Xjet(i) as well as the time dependence of the 
velocity Vjetit), from which one can calculate the energy loss using the above for- 
mula, we start by proving the general expression 



dE _ dM 



Viet—- (E.2) 



Applying the relativistic equations (/3 = fjet/c) E = 7m and M = (3jm = (3E, 
where m denotes the mass of the jet, the momentum deposition can be rewritten as 



dt dx dt dx \ dx dx 

The last term can be further evaluated since = 1 — 1/7^ which leads (taking the 
derivative w.r.t. x and taking into account that m = const.) to the relation 



df5 I dE I 



dx dx m 

Therefore, the momentum deposition is given by 



(E.4) 



dt ^ dx \ ' 7^/?^/ dx \ 7^ 

_ dE _dE 1 

dx dt Vjet 



□ (E.5) 
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E Energy and Momentum Deposition in the Bethe-Bloch Formalism 



This expression can now be used to calculate the time as a function of the jet's 
rapidity yjct, using dM/dy jet = mcoshyjct and ujct = tanhyjct: 

dE _ dM _ a 

dt ^'^^ dt fjet 

Viet 



m 
a 



j coshyj(,ttanh^yj^t(iyjgt = t(yjet) (E.6) 



yo 

where yo is the jet's initial rapidity. This relation is equivalent to 

7^ dyLt = *(2/jet) • (E.7) 



m r sinh y-^^ 
a J coshy( 



yo 



The integral expression can be solved analytically B02I1 . 



f smh yjet , . , 

/ -, — — dyjet = sinhyjet - arccos ■ 

J coshyjet 



coshyjet coshyjet 
thus, one obtains for t(yjct) [see Eq. (18.81 )1 

*(yjct) = — [sinh yjct - sinh yo 

1 1 

— arccos ; h arccos ■ 



(E.8) 



(E.9) 



coshyjet coshyo 

which can then be applied to calculate the time dependence of the velocity Vjct{t). 
The location x^ctii), however, is given by 

t 

Xjctit) = XjetiO) + j Vj,t{t) dt (E.IO) 



which is, because of Ujct(i) = tanhyjct, equivalent to 



/dt 
tanhy-^^—dy. (E.ll) 



yo 



Using Eq. (IE.7I ) as well as the substitution dyjct cosh yjgt = d sinh yjet, one obtains 

sinh 1/jot 

m f sinh y-^ ^ 

Xjet(t) = Xjet(0)H / p^--^ (i sinh yjgt . (E.12) 

a J cosh'^y' 



cosh y.^^ 

smh yo 



With the substitution x = sinhyjct, the integral is 



1 + cosh^ yj 



dx = ' ' " ''■'"^ (E.13) 
(l + x2)3/2 coshyjot 

which can be rewritten using coshyjet = 7jct and sinhyjet = Tjctt^jct, leading to 
[cf. Eq. 



cjct(t) = Xjet(O) + ^ [(2 - 7;fj7jet - (2 - 7;^)7o] . (E.14) 



Appendix F 

Joule Heating 



This appendix discusses the connection between a source term and the process of 
Joule heating. Starting with the Boltzmann equation, omitting the collision term, 

jrJ + v-^f + F-—f + F-v—f = 0, (F.l) 

at op opo 

where / is a distribution function, v = p/E the velocity and F an external force, 
one obtains the manifestly covariant expression of the Boltzmann-Vlasov equation 
by multiplying the above equation with po = E = \/p'^ + rrfl 

p^'df^f-ep^F^.-^f = 0. (F.2) 

Here, F'^'^ is the antisymmetric field tensor. The energy-momentum tensor is given 
by 

= lj^^P''p''fi^,P) = jdrp'^P'^fix,?), (F-3) 

implying 

a^r^'^ = / dvp^'p'^d^f . (F.4) 



Inserting the above Boltzmann equation [Eq. (IF. 21 )1 results in 



d.T^'^ = ejdTp^p'^F;^^. (F.5) 

After integration by parts (leading to a vanishing surface integral) and applying 
that = 0, the expression can be rewritten as 

a^T^- =-F^^'^eJdrp^^f. (F.6) 

Defining the current = —ef dTp^^ f II303II . one ends up with the general ex- 
pression [303] 

^^T^"' = J^F^!" . (F.7) 
According to Ohm's law, this current is given by 

J = aE, (F.8) 
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F Joule Heating 



which reads in covariant generalization 

r = F^pa"'"'. (F.9) 

The heat produced during this process is called Joule heating. Thus, Eq. (IF.7I) 
becomes 

d^T'^'^ = F/d'^^^F,^. (F.IO) 
Therefore, the source term J''^ is given by [see Eq. (110.31 )1 

Q^rj^i^u = jv = = {F'""'a^p^ ^F^^"). (Rll) 



Appendix G 



Isochronous and Isothermal 
Freeze-out 



A Mach-cone signal, like any observable from heavy-ion collisions sensitive to hy- 
drodynamics, suffers from the problem that the "fluid" cannot directly be accessed 
experimentally, but has to be studied from final many-particle correlations which 
are sensitive to all stages of the hydrodynamic evolution, including the late (and 
presumably non-thermalized) stages of freeze-out. 

A rough approximation assumes that the mean-free path goes from zero to infinity 
at a certain locus in space-time S'^ = (t, x). This locus can be defined in terms of a 
local criterion (e.g. a freeze-out temperature Tc), or using a simple global geometry 
(like an isochronous freeze-out, see section [377]) . 
Then, applying the Cooper-Frye formula [Eq. (13.341 )1. 



which is an ansatz based on energy-momentum and entropy conservation that is 
repeated here for convenience, the fluid fields of momentum p^, velocity and 



Figure G.l 

The freeze-out hypersurface (Tc = 130 MeV) for a jet moving through the middle of the 
medium (left panel. Jet 180 according to Fig. 111. il l and a non-central jet (right panel. Jet 
150). In the right panel a beak-Uke deformation of the hypersurface due to jet heating is 
clearly visible. 




(G.l) 
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G Isochronous and Isothermal Freeze-out 





Figure G.2 

Background subtracted and normalized azimuthal particle correlations obtained from an 
isochronous (dashed blue line) and an isothermal (solid black line) Cooper-Frye 
freeze-out for pT = 1 GeV (left panel) and pT = 2 GeV (right panel). 
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Figure G.3 

Background subtracted and normalized azimuthal particle correlations obtained from an 
isochronous (dashed blue line) and an isothermal (solid black line) Cooper-Frye 
freeze-out for px = I GeV (left panel) and pT = 2 GeV (right panel) after convolution 
with a trigger jet according to Eq. (Ill.Sl l. 



temperature T are transformed into particles according to a distribution function /. 
However, the freeze-out hypersurface S entering the above equation is severely de- 
formed by a jet propagating through an expanding medium as shown in Fig. IG. II 
A very characteristic, beak-like elongation occurs for non-central jets (see right 
panel of Fig. IG.ll ) putting constraints on an isothermal freeze-out which requires 
the derivative of time w.r.t. spatial coordinates (cf. section [3^ . 
Nevertheless, the freeze-out results applying an isochronous and an isothermal 
freeze-out are rather similar for a central jet (i.e., for jets moving through the mid- 
dle of the medium) as Fig. IG.2I reveals. Here, the particle distribution is obtained 
according to the above Cooper-Frye formula. Fig. IG.3l however, displays the dis- 
tribution after convoluting with a trigger jet according to Eq. (II 1.8I) . 
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While there is an excellent agreement for pT = 2 GeV, a discrepancy occurs for 
Pt = I GeV which could be an effect of larger thermal smearing. 
Surprisingly enough, these results suggest that applying an isochr^onous freeze-out, 
which is a very strong model assumption, does not drastically alter the results com- 
pared to an isothermal conversion (at least for the very central jets). 



Appendix H 



Distortion of Conical Structures 
due to Background Flow 

Satarov et al. [ 170] predicted that a Mach cone is deformed in an expanding medium 
due to the interaction of the jet and background flow patterns. Since a straightfor- 
ward analytical solution can only be derived if the background flow is parallel (or 
antiparallel) to the direction of jet propagation (which is not the case for a radially 
expanding medium), we may just qualitatively investigate such an effect here. 
Fig. IH. II displays the temperature patterns at the moment of freeze-out (i.e., when 
the temperature of all cells has dropped below Tc = 130 MeV, see chapter [TTI) for 
jets that deposit energy and momentum according to Eq. (111.21) with dE/dt\Q = 
vdM/dt\Q = 1 GeV/fm into an expanding 6 = 6 fm medium along trajectories 
having different angles w.r.t. the x-axis. 

As can be seen, the opening angle of the conical structure produced differs for jets 
propagating along the short (upper left panel of Fig. IH.ll) or the long axis (lower 
panel of Fig. lH. IK with a larger opening angle for jets encountering a larger back- 
ground flow gradient. 

Moreover, for a jet propagating at an angle of = 45 degrees w.r.t. the x-axis 
(upper right panel of Fig. IH.lb . the conical structure is distorted in a way that the 
opening angle in direction of the larger background flow gradient becomes larger 
than the opening angle in direction of the smaller background flow gradient. This 
effect, however, remains small for an impact parameter of 6 = 6 fm. 
This is in accord with the prediction of Ref. II170II (see also Fig. 15.41) . There the 
opening angles for the outer wings of the Mach-cone angles gets larger since the 
flow points radially outwards. 

Though a detailed study about the distortion of Mach cones remains to be done, 
the conical structure clearly depends on the centrality of the considered medium. 
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H Distortion of Conical Structures due to Background Flow 



To = 200 MeV Tq = 200 MeV 
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Figure H.l 

The temperature pattern of three different jets depositing energy and momentum along 
trajectories for varying angles w.rt. the x-axis at the moment of freeze-out. The distortion 
of the conical shape is clearly visible. 
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